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I. INTRODUCTION 
In this thesis, the theoretical solutions of three-types of seepage 
through the soil as related to the geometry of problems are given. The 
main effort has been focused on finding the proper potential function and 
subsequently the equation of the stream function, related to pertinent 
parameters of the flow regions. 
For the first and second geometry of problems, triangular and 
trapezoidal cross sections, the relief of hydrostatic pressure along an 
impervious boundary is desired. The source of pressure relief, in the 
second and third type problem, can be either tile or chimney drains, but a 
chimney drain is frequently used for a trapezoidal homogeneous core in an 
earth dam. 
The geometry of the flow region, third considered, is that of a two 
layered soil, with definite hydraulic conductivity in each layer, when 
there is an artesian pressure at the bottom of the second layer and recharge 
at the top of the first (recharge can be zero). 
In this two layered soil system, tile drains are Installed to relieve 
pressure and to remove the excess water. In the other two geometries, the 
flow regions are triangular or trapezoidal with homogeneous soil where a 
tile drain or a chimney drain is constructed to relieve the excess pressure. 
The problem of a two layered soil with an artesian aquifer applies to 
the field drainage of agricultural land and with a small change may be 
considered as a foundation drainage problem. 
These problems are solved by means of Fourier series, and Gram-
Schmidt functions developed by Klrkham and Powers (1972). Summary of 
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described geometries, source of relief pressure, and field application 
of the current problems is given in Table 1. 
In all problems, the digital computer has served to give quick 
numerical results for tables and graphs, which have been provided as the 
main product of this theoretical research. 
In fact, in each problem the proper potential function and associated 
functions are determined and numerical results are computed by digital 
computers. In some cases, definite Integrals needed in problems are 
evaluated numerically. 
The final results are presented by flow nets to illustrate the 
seepage from a steady state water surface through the homogeneous or 
stratified soil to the tile or chimney drain, and many tables and graphs 
have been prepared to make the solution of each seepage problem as clear 
as possible. 
Table 1. Introduction to the geometry of flow regions, 
applications of the problems in this thesis 
No. Flow region geometry Source 
relief pressure 
1 Right triangular Tile 
of earthflll 
2 Triangular levee Tile 
3 Trapezoidal shape levee Tile 
4 Trapezoidal dam Chimney 
5 Two layered soil with Tile 
second layer of 
Infinite length 
source of relief pressures, and field 
Field application 
Retaining wall, flood wall, sheet piling, 
etc. 
Protecting a lined canal against hydro­
static pressure due to seepage from 
adjacent river. 
The same as case 1 and 2 
Earth dams 
Drainage of agricultural land and relief 
pressure under a foundation 
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II. LITERATURE REVIEW 
Seepage Is a broad subject; civil engineers are concerned with seep­
age through earth foundations and structures, and agricultural engineers 
are concerned with seepage and its drainage in agricultural lands. There 
are numerous references on seepage in both areas. 
In civil engineering works, the main scope is to find and to locate a 
source of relief pressure along one or more Impervious boundaries in order 
to avoid high pore pressure which consequently causes the failure of 
structures. 
Taylor (1970) explains the significance of pressure caused by water 
seeping into the backfill behind a retaining wall. In this case he 
strongly recommends a kind of relief pressure, such as a chimney or tile 
drain to reduce the seepage force which affects the stability of retain­
ing walls considerably. In some conditions when the seepage is allowed in 
such quantity that it will not erode the soil and the earthflll, the tile 
drain or chimney is one of the best ways to reduce the seepage force acting 
on the impervious boundary (Jumlkls, 1971). 
A number of practical examples related to different cases of seepage 
through foundation and earth structures are found in literature. Cedergren 
(1967) has devoted a great deal of time in discussing the problems which 
may be created by seepage failures. Also in this reference the consequences 
of uncontrolled seepage are widely discussed and it is shown how canals, 
roads, retaining walls, flood walls, earth dams, and natural levees 
have been damaged because of poor drainage systems (natural or artificial). 
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In fact, as it has been discussed by Cedergren (1967), considerable 
damage may occur to earth structures when hydrostatic pressure, behind 
slabs or retaining walls, the back of lined canal, and behind any impervi­
ous boundary on earth structure, builds up in such a way that the structure 
cannot withstand this pressure. 
If there is no seepage taking place, the pressure head is simply 
equal to the height to the free water table or water surface. This height 
may represent a trememdous pressure, Cedergren (1967). For example at a 
dam site, when water surface height is 20 meters, the pressure head 
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becomes 2 kg/cm which is significant for an earth dam. 
Chimney and tile drains not only reduce the seepage force on the 
impervious wall, but also will cause a relief pressure which prevents 
development of quick sand condition or piping. In fact some structures may 
withstand the pore pressure developed behind an impervious boundary but the 
piping may become critical if a system of artificial drainage has hot been 
provided. Chimney and tile drain are recommended by many investigators, 
Harr (1962), Babbit £t (1973), Cedergren (1967), Linsely and Franzini 
(1972), and many others, to provide a good system of relief pressure, to 
lessen the risk of failure, and to consequently increase the stability of 
the earth structure or foundation. Besides the examples just cited, there 
are some special field problems where the pressure relief is needed. For 
instance, in some places, a need to lower the hydrostatic head in the back 
of a lined canal Is relevant, where the canal conducts fresh water through 
an area with polluted water or an area with a high quantity of salt in the 
ground water. For this case the author may refer to the situation that 
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exists in a southern part of Iran, where lined canals with relatively 
fresh water pass through an area which is close to a river with water of 
high salt content. The outcome of a large project in this area showed 
that a high hydrostatic pressure due to seepage from the river had caused 
the concrete canal wall to fall so that in many places the complete 
failure of the concrete wall has resulted in contaminating of the fresh 
canal water. 
A number of Investigators have been working on the problem of 
seepage through earth foundations and earth structures from a purely 
theoretical viewpoint. Polubarinova (1962) has studied extensively the 
theory of seepage in earth dams, retaining walls, levees, canals, and other 
hydraulic structures. It must not be forgotten that Muskat (1946) pro­
vided a classical treatise on flow through porous media. His book contains 
a first series of papers in regard to seepage. Harr (1962) also gives some 
work on theoretical aspects of seepage, taken mainly from Polubarinova 
(1962). His work includes the solution of a seepage problem in a rockfill 
dam with a central core without tail water and with a chimney drain at the 
down stream face of the flow region. He assumed that the core is triangu­
lar and the head loss due to passage of water from the upstream face 
through the rockfill to the core is negligible. The water surface level 
was assumed to be equal to the height of the triangular core. 
Leliavsky (1955) and Bear (1972) give some general solutions of seep­
age problems, and many references to the other problems of seepage in 
porous media, especially in earth dams, canals and other earth structures 
and foundations. Among them Pavlovsky (1931) has some work in this area. 
7 
In problems considered in this thesis the assumption is made that the 
flow region is completely saturated. However, it does not mean that the 
pore pressure is positive everywhere in the flow region, and so, the 
pore pressure at some portions of the flow region will be negative. 
The assumption of completely saturated soil accords with Bear (1972, 
p. 259), who defines a completely saturated zone to Include the zone of a 
capillary fringe which is Immediately above the phreatlc or free surface 
line. The free surface line is a line along which the pressure is 
atmospheric, that is, where the gauge pressure is equal to zero. Bear (1972) 
states that the pressure p in the capillary zone varies from p = 0 to 
p = -p^ where he called p^ the capillary pressure. A flow can occur 
within the capillary fringe, and the streamlines may cross the phreatlc 
surface in both the inner and outer sides. He explains that when the flow 
is steady and no accretion occurs, the upper boundary of the saturated 
zone is a stream surface. In this case the boundary of a saturated zone 
has two conditions: (a) p - p^ = const., i.e., the hydraulic head <|) at 
a point z from a reference level is given by <|) = z - vjy » where y is the 
unit weight of water; and (b) = 0, where = q'n or q^ is the com­
ponent of q normal to the boundary and n is in the direction of the inner 
normal. These two conditions are the same conditions as those for a free 
surface. 
In some reports, e.g.. Drainage of Agricultural Land by the Soil 
Conservation Service (1972), it is indicated that the capillary fringe 
zone may carry a significant quantity of water, and in some cases 20 per­
cent or more water will pass through the capillary fringe zone In a 
seepage region. This report confirms what has been stated by Bear and the 
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others, who believe the flow will occur in the capillary fringe zone. The 
water in this zone is under tension with negative pressure. 
In this thesis, when the water is under tension in a capillary zone, 
we assume the flow region is confined by rigid boundaries and it is 
assumed further that the pores in the capillary fringe are completely 
saturated. 
This assumption is based on the fact that the needed capillary rise 
to make the flow region saturated is less than the actual height of capil­
lary rise, H, in a cylindrical tube of radius, r, may be given in terms 
of surface tension, ' 6, unit weight of water, p, and gravitational force 
g, as 
H = 26/pg [II 
Table 2, adapted from Bear (1972) and Tschebotariof (1973), gives the 
experimental and theoretical capillary rise for materials of different 
textures. The differences in theoretical and experimental values in 
Table 2 may be because of cracks and mainly because of decrease of the 
free diameter of the soil void by the adsorbed water films around soil 
particles. The theoretical values of H for a homogeneous compacted soil, 
used in earth dams, backfills, and other earth structures, are not esti­
mated too high according to Tschebotariof (1973). Thus for a homogeneous 
compacted clay soil in dams, the actual capillary rise which makes the zone 
above the phreatic line a saturated zone, can be expected to be very near 
to the experimental results. 
Our literature review so far has pertained mainly to earth struc­
tures of different geometries. The second portion of the literature 
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Table 2. Experimental and theoretical values of height of capillary rise 
In some soils 
Material Size of particles H 
Theoretical* 
, b 
Experimental 
mm. mm. Cm. 
Sand, corase 2 -0.025 1.5 - 12 2 - 5  
Sand 0.025-0.05 12 - 61 12 - 70 
Silt 0.05 -0.005 61 - 610 70 - 150 
Clay 0.005-0.001 610 - 3050 200 - 400 
The figures are adapted from Tschebotariof (1973), p. 74. 
^ The tabled numbers are adapted from Bear (1972) [Sllin-
Bekchurin (1950)], p. 481. 
review concerns the two-layer seepage problem. This drainage problem 
may apply either to the drainage of stratified agricultural land or to 
the drainage of stratified soil, under a construction such as a foundation. 
Agricultural land drainage Is of tremendous interest of world 
scientists. Crook (1968) has a list of more than 5000 papers from drainage 
literature for the 8-year period of 1956-1966. 
Our concern here is mainly with a review of literature on the theory 
of drainage problems. 
Klrkham (1966) has reviewed the theory of drainage problems and 
there is a more recent review by Klrkham, et al. (1974). The book 
Advanced Soil Physics by Klrkham and Powers (1972), chapter 2-5, explains 
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the role of mathematics In solving drainage problems. An earlier book 
reviewing the different aspects of drainage problems is Agriculture of 
Drainage by Luthln (1966). 
For a one-layer soil with recharge only from the top surface due to 
rainfall or irrigation, literature references are relatively plentiful. 
For a one layer soil with recharge from tha soil surface (no ponding) and 
an artesian aquifer, however, the references on the theory of drainage are 
scarce and the author knows only of the work of Hlnesly and Klrkham (1966). 
The problem of drainage of a two-layer soil with recharge from the 
top (no ponding), and without artesian aquifer has been solved by Toksoz 
and Klrkham (1971), but the problem bf seepage in a two-layered soil with 
replenishment from the surface (no ponding) by steady rainfall or irriga­
tion and also upward flow due to high pressure of an artesian aquifer is 
still unsolved. 
As it has been previously mentioned, the solution to this problem can 
help agronomists as well as civil engineers, in removing the excess water 
or reducing the pore pressure. For agronomists, it is necessary to remove 
the excess water to improve the soil aeration; civil engineers are mostly 
concerned about the high pore pressure caused by artesian aquifer in the 
foundation under the construction. 
Although for relief pressure in flow media or simple drainage of soil 
this kind of problem can be solved for two different conditions, steady or 
non-steady state, usually the steady-state case, which is time independent, 
is much preferred. This is true especially when water tables vary very 
slowly; therefore, it is a fair assumption to solve the problem in steady 
state conditions. 
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Generally speaking. In all problems in this thesis, it is assumed 
that the flow region is completely saturated. According to this assump­
tion Darcy's law is valid and consequently the Laplace's equation may be 
applied to the current problems. 
It should be added that there is another requirement for using Darcy's 
law in & flow region, which is the so-called Reynolds number, R, Rouse 
(1950, p. 83). Reynolds number is a dimensionless number expressing the 
ratio of inertia forces of an element of fluid to the viscous force 
acting on the iluld, hurphy (1950, p. 165). The Reynolds number, R, is 
given by the expression 
R = qd/o [2] 
where q is the flow per unit time, area, d is some length, and Û is 
kinematic viscosity of fluid. The Reynolds number is generally less 
than unity for laminar flow, when the Darcy's law can be applied. Bear 
(1972). 
The assumptions made in this study, as it has ^ . '.e in studying 
many seepage problems in the past, may be summarized . 
- Steady-state condition (independent of time) 
- The flow region is saturated, and may include a capillary fringe 
zone of negative pressure above the phreatic line 
- Flow is laminar, Reynolds number, R, Is less than unity (Darcy's 
law is valid) 
- Fluid, hereafter water, is incompressible (constant density) 
- Flow medium is isotropic 
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- Soil is homogeneous, that is the hydraulic conductivity or 
permeability coefficient k Is constant 
- It Is assumed that In all problems Involving tile drain, a thin 
gravel envelope Is placed around a subsurface circular tile drain 
which makes a uniform potential along its length 
The problems of an earth structure with a triangular or a trapezoidal 
cross section are solved by means of a modified Gram-Schmidt process where 
the functions in final solutions are not orthogonal, according to Kirkham 
and Powers (1972). 
The problem concerning a two-layer soil with an artesian aquifer is 
solved by using Fourier series as in Hinesly and Kirkham (1966). 
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III. SEEPAGE TO A DRAIN IN A TRIANGULAR SHAPE 
EARTH STRUCTURE WITH SHEET PILING 
A. Mathematical Analysis 
1, Geometry 
Figure 1 Is a classical form of a triangular earth work with a 
single-wall earth-supported timber cofferdam. The figure is as in 
Jumikls (1971), except that a tile drain has been added near the foot of 
the wall. In fact, in this problem the earth fill rests on an Impervious 
barrier and behind a concrete wall. The problem will be solved for the 
case when the water level is at the highest point which is as a distance 
h above the horizontal impervious barrier. 
An origin of coordinates is deliberately chosen at the center of the 
tile drain and a conventional system of cartesian (x,y) and a polar system 
(r,G) are established at point 0 in Figure 1. The angle 6 is measured 
counterclockwise from the line y = 0, and r is a distance from the origin 
to any point in the flow region. 
It is assumed that the tile drain is half-embedded in the horizontal 
barrier and is running full with zero back pressure. 
Indeed, the existence of the tile drain will reduce pore pressures 
along the impervious wall; therefore, the wall can be supported by less 
force and less expensive material against failure. 
2. Potential function and boundary conditions 
In this problem, the main goal is to find a proper hydraulic head 
or potential function which may be denoted by #(r,8) or $(r,8) respectively. 
Although the (j)(r,0) is the, hydraulic head at any point in the flow 
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SHEET PILING 
EARTHFILL 
Rfil 
Figure 1. Geometry of triangular-shape earth-foundation, with two 
impervious boundaries when tile drain is constructed for 
relief pressure. 
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region, it Is significantly important to find out the distribution of 
head along the standing impervious wall. 
The rate of seepage flow and stream function may be easily obtained 
from 0 or $ functions ($ = #). 
With reference to Figure 1, the boundary conditions may be written as 
Boundary condition 1: 4 -1^ =0 at 6 = ir 
n oy 
Boundary condition 2: ^ = 0, atO^0£Tr and r = r^ 
Boundary condition 3 : ^  «0 at 0 £ 0 £ tan ^ (h/r^) 
Boundary condition 4 ; ^ = 0 at tan ^ (h/r^) <. 6 £ tt 
It is essential for the potential function 4> to satisfy the Laplace's 
equation in the flow region. The Laplace's equation in polar coordinates 
Is given by the expression 
4 + + [3]  
3r^ r^ 30^ 
The Laplace's equation in the polar system may be solved by the method 
of separation of variables, Davis (1963), and the general form of this 
solution can be expressed as 
#(r,6) • R(r)0(0) " (Cj^r® + Cgt™) (c^sin m0 + c^ cos m0) + c^ln r [4] 
With equation [4] and the boundary conditions in mind, a solution <{> is 
selected as 
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where the A 's are In an infinite set of arbitrary constants. 
m 
To satisfy our boundary conditions, one may follow Powers and Kirk-
ham (1967) and replace the A 's in equation [5] by a finite set of con-
m 
stants Ajj^ for N = 0,1,...,* and m « 0,1,...,N. This change requires also 
that the upper limit on the sigma sign be changed to -x» . Therefore, 
the equation [5] may be modified to 
» _ . Cr/r^" -
I = ^ 0 ^ V  
w 
Equation [6] may be written more simply as 
. ln(r/r ) N-x» _ , 
H = % ÎMTT + \ [(r/t') - (rL/V^lcos m8 [7] 
w UPl 
In equation [7], the right hand side represents the normalized 
(dimenslonless) hydraulic head at any point In the flow medium; the 
values of L and r^ are known from the geometry. 
3. Method of solution 
The Gram-Schmidt method as modified in Kirkham and Powers (1972) 
has been used to obtain the A^'s of equation [7] and hence the complete 
solution to the Laplace's equation [3]. 
This method has been used by Kirkham and Powers (1972), Van der Ploeg 
(1972), Kirkham and Powers (1972), N. Powell (1972), Kirkham and Sellm 
(1973), and others, in solving boundary value problems. Van der Ploeg (1972) 
has given complete details of the modified Gram-Schmidt method; and Its 
applications to the solution of mixed boundary value problems are given In 
Kirkham and Powers (1972). 
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The modified Gram-Schmidt method is used for this and other problems 
in this thesis as a tool to get sets of arbitrary constants of 
corresponding potential equations. 
Before taking any steps, by using the modified Gram-Schmidt method, it 
is necessary to check all available boundary conditions in Figure 1 of this 
problem. 
à. Checking boundary condition J. Boundary condition 1 may be 
written as 
- » t8] 
In polar coordinates 9#/9y is given by the following expression Kaplan 
(1973, eq. 2-134). 
+ 191 
Equations [8] and [9], at 6 » tt, yield 
- 0 [10] 
3y r 3<j> 0«Tr 
which may be written dimensionlessly as 
Equation [11] is now the relationship needed to satisfy boundary con­
dition 1. 
To get d(f)/dd of equation [7], the differentiation of the corresponding 
equation with respect to 6 yields 
18 
èlû"" - 2 m A^[(r/L)® - (rL/r^)~°]sin m0 [12] 
® in-l,2....N ^ " 
where, hereafter, the subscripts m and N, upper and lower limit of the 
summation sign, will be dropped for simplicity. 
Substituting equation [12] in equation [10] and letting y = 0 
gives sin mrr = 0 for m « 1,2,...,N, so that equation [11] becomes 
ili 
H 3y ÏÏr ^ niA^[ (r/D™ - (rL/r^)~™]sin më =0 [13] 
yO |0=7r 
Therefore, the hydraulic head function, as given by equation [6] or [7], 
satisfies boundary condition 1 Independent of the values of the A^'s. 
b. Checking boundary condition 2 Having boundary condition 2 in 
mind, the equation [5] yields two equations. 
[14] 
and 
[(r/L)° - (rL/r^)"®] - 0 [15] 
Inasmuch as the left hand sides of equations [14] and [15] are zero the 
boundary condition 2 is satisfied regardless of the values of the constants 
Boundary conditions 1 and 2 are now seen to be satisfied for any set 
of A^; therefore, boundary conditions 3 and 4 will be used to get the 
values of A^'s. The last two conditions are checked if the are found 
to satisfy equation [24]. 
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c. Checking boundary condition 3 For boundary condition 3, it 
Is first necessary to evaluate (l/H)3(^/dx in polar coordinates. From 
Kaplan (1973, eq. 2-134), after dividing by H, gives the proper relation 
for boundary condition 3 as 
where (l/H)3(|>/9r and (l/H)34)/36 must be evaluated by the differentiating 
of equation [7], which yields 
H If • V r "IT- V" i' - (rL/r^^)'®lcos me [17] 
and for (l/H)9(j>/30, equation [1?] is available. Substituting the right 
sides of equations [12] and [17] respectively in equation [16] gives, 
for all r 
^ - cos e + î A», " r' + (rL/r^^)"°')cos mS) 
+ sin 0 Z m •^[ (r/L)® - (rL/r^^)"™]sin m9 [18] 
Applying the requirements in boundary condition 3 and using the equation 
[18] simultaneously may give an equation which involves a set of arbitrary 
constants 
0 = cos e {AJJQ —^— + S A^ m ~[(r/L)® + (rL/r^^)~°']cos m0} 
+ sin 0 S Ajj^ ^ (r/L)° - (rL/r^^)"""] sin m0 [19] 
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where r is given by r " r^ and r^ is defined by 
Tg - r^/cos 0 [20] 
and 6 is specified by the boundary condition 3, Figure 1. Equation [19] 
may be simplified as 
« = <4,0 ® 
+ Z /U m[(r/L)* COS[(B-1)6I + (rL/r cos [(mtl)e]]) [21] 
d. Checking boundary condition 4 At boundary condition 4 the 
normalized hydraulic head along the slope is equal to unity. The equation 
of the slope or upstream face in the cartesian system, when each point on 
this line is denoted as may be written as 
+ L - r^)/L [22] 
and in the polar system, when each point on the slope is denoted as (r^,6), 
the equation [22] becomes 
1 - r /L 
^4 " ^ sin e - h cos 0/L [^3] 
Therefore, at boundary condition 4, if the set of constants are 
properly given. It may be written as 
In g— 
1 = ^ + Z «^[(r/L)° - (rL/r ^)"°]coa me} [24] 
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Nov the main task Is to find a set of for m = 0,1,...,N so 
that the two equations [21] and [24] are satisfied simultaneously. 
These two equations may be combined Into a single equation by Introduc­
ing a new function f(6) as 
f(0) 
Po, at 0 < 0 < 
1, at < e < TT 
6 , 0 «= tan ^(h/r ) 
J. X w 
[25a] 
[25b] 
and a new function u (0), m = 0,1 may be defined such that u_ Is 
m u 
UQ(0) »< 
at 0 < e < 0, and 
- " - 1 
r = r. [26a] 
—- at 0. < 0 < ir and 
ln|- -
w 
r = r. [26b] 
where 8^, r^ and r^ are defined In equations [25], [20] and [23]. 
m " 1,2 u is given by 
m 
For 
u^(0) =S 
m[(r/L)° co8[(m-l)0] + (rL/r^^)"^ cos[(m+l)0]], 
at 0 < 0 < 6, and r = r, 
— — 1 3 
[(r/L)° - (rL/r^^)"'°]cos m0, 
[27a] 
[27b] 
at 0j^ £ 0 £ IT and r = r^ 
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Finally equation [21], [24], and [25] to [27] may now be combined into.a 
single equation 
N*» 
f(6) - z A_. u_, (e) ,  0 < 0 < TT, m = 0,1,... [28] 
n.0 Nm - -
In the last equation, the set of formulas u^(6) are linearly Independent 
but not orthogonal, and a set of constants for a finite value of N may 
be computed from tables given by Kirkham and Powers (1972). 
If a finite value of N Is used, the equation [28] may be written as 
N 
fjj(0) - Z 0 £ e < TT, m = 0,1,... [29] 
m=0 
where f^CB) approximates f(0) for large value of N. The subscript N 
actually means, the N-th approximation of £(0), and for A's the values of 
A's in N-th approximation. Indeed, for each value of the integer N, a 
set of constants (m = 0,1,...) may be found in such a way that for 
successively larger values of N, the corresponding approximation f^XO) is 
more closely equal to f(0) in equation [28]. The only exception stands 
for the point of discontinuity (x,y) = (r^,h), where Dirichlet's con­
ditions (Whittaker and Watson, 1940). are valid. According to Dirichlet's 
conditions, an average value of f(0) at the point of discontinuity is 
-1 
obtained. la the current problem f(0) jumps from 0 at 0 = tan (h/r^), to 
1. Let's call f(0 ) and f(0^) for corresponding values of f(0) at the 
discontinuity point, for f(0) » 0 and f(0) = 1, respectively. Therefore, 
at this point, the summation of f^XB), at boundary condition 3 and 4 
where N+<» converges to [f(0 ) + f(0*)]/2 «= 1/2. 
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The final step is to calculate a set of by using recursion 
relations given in Kirkham and Powers (1972). A Fortran Program designed 
to get the Aj^, using recursion relations, is available^ (Selim, 1973) 
and is reproduced in Appendix B of this thesis. 
In this Fortran Program, the integral (or. inner products) w and u 
m m 
defined by 
0 
w^ = / f(0)u^(e) de, m = 0,1,2,...,N [30] 
and 
9 
u » f u (8)u (6)d6, m = 0,1,...,N; N = 0,1,...,m [31] 
mn Q m XI 
are evaluated numerically. 
The numerical integrations may be made by substituting f(0) and 
u^(0) from equations [25], [26], and [27] into equations [30] and [31] and 
performing the Integration with the aid of a Fortran Subroutine. 
4. Stream function and flow rate 
Having calculated the set of A^ by using the modified Gram-Schmidt 
method, and considering the Cauchy-Rlemann relationship, Kaplan (1973), 
the stream function V can be derived from the potential function 
$(" k(|>) as 
1 SV g* 
p gg- " k (Cauchy-Rlemann relationship [32] 
Therefore, the stream function Y may be easily found by substitution of 
^ Selim, M. S. Iowa State University. Fortran Computer Program. 
Private Communication. 1973. 
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the equation [17] In [32] for 3$/9r and Integrating the.result of the 
right hand side with respect to 6. Thus the stream function Y becomes 
f = kH —2j- + Î A^t(r/L)® + (rL/r^^)'°]sln in91 + c (33] 
where c is any constant; here c = 0 and is previously calculated. 
The flow rate Q which enters the tile drain may be obtained from 
equation [33] as 
Q = Y(r,8 = TT) - W(r,8 = 0) [34] 
Substituting 0 « 0 and 6 « u in equation [33] and using the relationship 
of [34], one finds the flow rate Q to the tile drain as 
" - 'S.O " 7^  [351 
In — 
w 
where Q in equation [35] is given in terms of flow rate (L^T per unit 
of length perpendicular to the plane. 
The exact value of flow rate Q will be obtained from equation [35] 
when N -»• 00, or 
" - \o " -4- 136) 
The equations [33] and [35] are used to find flow net and flow rate Q 
for a given set of 
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B. Results and Discussion 
Here, the results will be given for a particular case of Figure 1, 
when the dimensions are selected as In Jumlkls (1972) as h = 5 ft., 
L " 10 ft. and r^ = 0.5 ft. and the water level at the upstream face 
stands to the height of the barrier. 
The set of constants of equation [29] are calculated for N = 
0,1,...,20 by use of an IBM 360 model 65 and they are shown in Table 3. 
For the numerical integrations to get A^, 33 bisections of integrat­
ing interval, 0 £ 9 £ ir , were used. 
The graphs of f^CB) associated with the set of are shown In 
Figure 2, for N • 1,5,10,15 and 20, including graphs of f(6) equation [28] 
for comparison. 
Figure 2 shows that as N Increases, the successive approximations 
of in equation [29] approach f(6) in equation [28]. 
As it is seen, there is not quite agreement between f^CG) and f(0) 
for N " 20, with regard to which one must accept the fact that N = 20 is 
not a large number and 33 bisections for a numerical integration may not 
be enough because of accumulated errors in numerical integrations. 
For practical purposes, in this case, N = 20 has given good results 
and the accuracy of the solution is satisfactory. 
It may be also added that f^CB) converges in the mean (Courant and 
Hilbert, 1953 ) to f(6) using Bessel's Inequality. The inequality as 
modified by Kirkham and Powers (1972, p. 499) is given by the following 
expression. 
Table 3. The values of A^, m •» 0,1,2,...,N, N = 20 for problem in Figure 2 
H No Si S : S3 S. Ns s» S: Sfl Nie Nu Ni: NI3 Sl4 NI5 NI6 Ni 7 NI8 NI9 
3 1.1807 
l 1.0377 -0. 3699 
2 O.éSOS 
-1 1915 -1 238: 
3 0.7981 
-i. 3323 -l. 9865 - 0.966 
4 0.7700 
-1 5269 -2 4444 - 2.372 - l 43 
i 0.7720 -1 6404 9079 - 3.54: ' 4 77 93 
6 0.7749 
-i 7868 •3.9580 - 6.644 - Il 33 - u 93 - 6.0 
7 0.7760 
-i 8304 -* 2448 - 7.818 - 13 66 - 16 98 - 12.8 .4 
9 0.7774 
-i 8484 -4 4033 - g. 66? - 16 52 - 23 26 - 25.4 -21 -8 
q 0.T88& 
-1 9336 -5 405: -13.815 - 34 79 - 69 35 - 111.6 -145 -122 -4t 
ic 0.7966 •1 9859 -6 06 OC -17.::: - i6 74 -102 42 - 180.0 -253 -267 -178 -52 
u 0.''990 -i 9956 1959 -18.018 - 50 II -114 40 - :i5.3 -322 -408 -376 -223 -60 
12 0.8049 -2 01:5 -6 1359 - 59.97 -154 51 - 344.6 -6: -1036 -1327 -1279 -781 
1} C.S163 3455 09'1 -24.:-: - 83 :4 -252 50 
- 667 .5 -1499 -2784 -*185 -4949 -*276 -2316 -r6e 
u 0.91*6 052: -7 261- -25.72"' - 91 81 -290 80 - 902.9 -1890 -3724 -«049 -7967 •8236 -:983 -460 
15 0.815C '1 0490 -T 255: -20.123 - 95 15 -308.40 - 977.8 -2157 -4518 -7995 -11831 -14388 -13901 -9920 •4532 -464 
16 0.8082 -2 038R 1936 -26.677 -lÛl 16 .343 67 -1042 -2799 •6572 -13383 -23374 •34464 ."1952 -40497 -28651 -12857 -2672 
17 0.8008 -2 02:T 1502 -27.666 -lli 00 -403 23 -1330 -3947 -10366 -23757 -46935 -78924 -111193 -12826^ •116239 -76659 -32030 -6227 
IP a «oit 02«0 1973 •28.15' -114 ai -<•26 63 -1446 -4428 -12036 -28669 -5924S -105229 -1386<.- -20('3*6 -206311 -165404 -95848 -35162 -6039 
19 0.7993 -2 0253 1569 -28.38C -lli T4 -425 96 -1440. -4390 •11838 -27810 -56198 -96408 -137655 -159614 -140921 -80987 -10752 -26811 -22197 -5692 
:o c.aooo 026-
--
1*74 -lis 60 -431 .66 -1468 -4,504 -12223 -.'991: -58837 -1016C5 -14594: -168255 -143678 -686'0 -22659 -15736 -67392 -29979 
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Figure 2. Graph of and ffO) versus 0 for N = 0,1,5,10,15 and 20. 
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Figure 2 (continued ) 
N=10 
N=15 
N=20 
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=1 ajL i [f(e)]2,ie t37] 
""O 0 
where D^, given in Kirkham and Powers (1972, p. 502X is calculated as an 
intermediary step in the modified Gram-Schmidt orthonormalization 
process. The equation [37] may be normalized as 
N 2 8 2 
[ Z V / [f(6)] d6 < 1 [38] 
m=0 0 
Figure 3 shows the graph of the left hand side of Bessel's inequality of 
equation [37] as it approaches the right hand side of this equation by 
increasing N. Meanwhile Table 4 demonstrates how the left hand side of 
equation [38] approaches the right hand side, unity, as N approaches 
infinity. 
For a properly selected potential function $(= kcj)), the values of 
the associated function f^XG) at the discontinuity point, denoted by 
mm 
f^CG ) and f^XG ), must agree with the Dirichlet conditions. In Table 5 
the values of f(0 ) and f(8^) are computed from boundary conditions 3 and 
4 respectively. The table shows that as N increases the average value of 
f^(8) on two sides of the discontinuity point converges to 0.5 which 
accords with Dirichlet conditions. 
The graph of column 5 vs. column 2 of Table 5 in Figure 4* which is 
the average of f^^G) at the discontinuity point, shows the trend of the 
average value of f^CG) as N-w or 1/N 0. 
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Figure 3. The graph of the left hand side (LHS) of Bessel's 
inequality of equation [17A], Appendix A, versus 1/N. 
3Q 
Table 4. Convergence of the left hand side of normalized Bessel's 
inequality to unity iô equation [30] as N increases. 
„ Left side of Bessel*s „ Left side of Bessel's 
N N 
normalized inequality normalized inequality 
0 0.91271 10 0.99862 
1 0.92503 15 0.99954 
2 0.97377 20 0.99964 
3 0.98087 ... .... 
4 0.9865 (") (1.0000) 
5 0.99049 
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Table 5. The function f^CG) at the discontinuity point, denoted by 
- + 
fjj(0 ) and f(@ ), respectively, in relation to increasing 
values of N and the agreement of with the values of the 
Dirichelet conditions, in column 5 
N 1/N fjj(e~) f^(6^) [fjj(0") + fj^(0'^)]/2 
0 00 0.03921 0.90949 0.47435 
1 1/1 -0.14960 0.78104 0.31571 
5 1/5 0.31201 1.03998 0.57600 
10 1/10 -0.00551 1.00282 0.51865 
15 1/15 -0.00068 1.00108 0.50019 
20 1/20 0.00045 1.01343 0.50849 
(") (0) (0.0000) (1.0000) (0.50000) 
32 
1.0 -
I I 
QO 1 1 1 r— 
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Figure 4. fQ(8) at discontinuity point, when the average of f(0 ) 
and f(8^) approaches 1/2. 
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With the dimensions and the set of in hand, the flow rate Q 
(per unit length perpendicular to the plane) can be calculated from 
equation [35]. Although the exact value of the flow rate Q Is given by 
equation [36], it cannot be used unless the N is a large number. 
Considering the constant for N = 0,1,...,20, in table 3, it is 
obvious that as N increases the fluctuation of will reduce and this 
evidence can be seen in Figure 5. In this particular case, A^^ for 
N = 17, 18, 19, and 20 are almost equal and any one can be chosen for 
the calculation of Q in equation [35]. The A^^ for N = 20 is 0.8000; 
therefore, the flow rate Q is 
Q = 0.8000 ^ [38a] 
and for given data, when r^ = 0.5 ft., L = 10 ft. and H = h-r^= 6.5 
ft., the flow rate Q per unit length perpendicular to the plane becomes 
Q = 3.776k, ft^/sec. (Per unit length) [38b] 
The flow net of the present example, .from equations [7] and [33], is 
drawn in Figure 6, where the normalized lines of (p's and W's are demon­
strated by fractions of one. 
In addition to the flow rate Q, the pore pressure along the vertical 
wall (sheet piling) may be found as given by the following expression 
h = (b - h [39] 
P z 
where <j) is the total hydraulic head in equation [7] and h^ is the elevation 
head. 
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Figure 5. The relationship between constant and N as N Increases 
or 1/N decreases. 
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Figure 6. Flow net of seepage through earth structure, 
impervious layer with dimensions 1 = 10 ft., 
r = 0.5. 
w 
with vertical 
h = 5 ft., 
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For the current example the heads are given in Table 6 and 
Figure 7 demonstrates the corresponding graphs. 
This problem may also be considered in two extreme conditions; 
i) L •> <», and the hydraulic head (P, from equation [7] becomes zero, 
ii) L + 0, and the hydraulic head (f) becomes «>. 
In general, the tile drain in Figure 1 may be constructed in any 
location on the impervious boundary; meanwhile the same process without any 
change may be followed and the Fortran Program can be used directly with 
some minor changes in some subroutines. Appropriate input data must be 
provided for any particular problems. 
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Table 6. The values for heads, h^, h^, h^ along the vertical wall 
(sheet piling) 
Elevation head (ft.) Pressure head (ft.) Total head (ft.) 
0 0.0 0.000 
0.5 -0.170 0.230 
1.0 —0.006 0.994 
1.5 0.258 1.758 
2.0 0.368 2.368 
2.5 0.356 2.856 
3.0 0.255 3.255 
3.5 -0.014 3.486 
4.0 -0.495 3.505 
4.5 60.809 3.691 
5.0 0.000 5.00 
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Figure 7. Total head, pressure head and elevation for Figure 6, along 
the vertical impervious wall. 
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IV. SEEPAGE TO A DRAIN IN A TRIANGULAR LEVEE 
A. Mathematical Analysis 
In the second problem, a triangular-shaped earth structure with a 
horizontal tile drain on the barrier Is considered. The main difference 
between the present and previous problem Is the standing impervious 
boundary 2 In Figure 8 which replaces the impervious vertical wall in 
the first problem. 
Figure 8 demonstrates a triangular geometry of a levee, when the 
tile drain is constructed at different positions shown in a, b and c. 
The field application to this problem, as it is discussed in the 
literature review, may be found in lined canals adjacent to a river or 
any stationary water table, Cedergren (1967). In this situation, the 
seepage force, acting on the sloping impervious boundary, will be high 
and a lack of relief pressure may cause damage to the impervious wall 
(concrete). 
1. Geometry 
For simplicity, an equiangular shaped earth structure (levee), with 
a tile drain in three locations as in Figure 9, Is selected. However, 
this arbitrary selection does not prevent other situations from being 
solved. 
The origin of the coordinate system is always at the center of the 
tile drain; therefore, the location of the origin of coordinates completely 
depends upon the location of the tile drain on the barrier, but must be on 
the boundary at the bottom of the triangular section (Impervious bottom 
boundary). 
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ra) 
(b) 
(C) 
Figure 8. Seepage through triangular levee, with horizontal drain 
in different locations. 
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( c )  
Figure 9. Geometry of triangular foundation when the tile drain is 
constructed in three situations; number refer to boundary 
condition. 
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In Figure 9c the drain is a sector of a circular drain; in field 
practice, the sector drain is achieved by surrounding a drain tube with 
a very permeable material (sand or rock) here, on the impervious 
foundation. 
In this problem, as in the first problem, it is assumed that the 
drain is running full with no back pressure. 
2. Potential function and boundary conditions 
Referring to Figure 9a, the boundary conditions are 
Boundary condition 1 9(t) 
3y " 
0, 0 = 0 
Boundary condition 2 II
 
0, II
 1 + 0 < 0 < TT 
2 
Boundary condition 3 
II 
1, y = + h, 0 < ir 
Boundary condition 4 ay 0, 1 r < b 0 = TT 
Boundary condition 5 * = 0, 0 < 0 < IT 
and the potential function $(r,9), r and 0 in the polar coordinates system, 
hereafter $, is selected as a product of $ of equation [7] and the hydraulic 
conductivity of the flow region. The normalized hydraulic head at the flow 
region is, as in equation [7], given by 
^ r_ 
^ r N-*co —m 
1 ' ^ 0 -TT- + Z [([)- - (^) Icos me t7I 
In — m=l r, 
r w 
43 
where r, r and 0 are the same as defined previously, L is the largest r 
w 
in flow region and is a set of constants. 
The hydraulic head (f), as it is expressed by equation [7], satisfies 
the boundary conditions 1, 4 and 5 in Figure 10a, as it has been proven by 
equations [13], [14] and [15]. However, fora c omplete solution the remain­
ing boundary conditions 2 and 3 will be checked. 
3. Method of solution 
a. Checking boundary condition 2 It is assumed that along a 
sloping impervious layer, boundary condition 2, no flow in or out is 
expected. This situation may be expressed algebraically by finding the 
normal derivative to the line of the sloping layer at any point and set­
ting this derivative equal to zero. Thus, boundary condition 2 gives 
= 0 [40] 
where V(j) is called the gradient of (p as given by the expression, Spiegel 
(1959, p. 57), 
in the polar system, n is a unit vector; e^ is a unit vector in the r 
direction and e. is unit vector in the 6 direction. 
o 
In order to find the right hand side of equation [40], one notices 
that the equation of sloping boundary 2 is needed. This equation, as given 
in boundary condition 2, In the cartesian coordinates system is given by 
the expression 
44 
^ X + h [42] 
L 
when it may be written in the foinn 
F ( x , y )  » - y i ^ x  +  h  [ 4 3 ]  
where F(x,y) is Identically zero and a unit vector of F(x,y) may be 
obtained, Spiegel (1959, p. 57), by using the following identity 
VF _ [3F(x.y)/ax]î + [8F(x,y)/9y]j 
or 
2 1/2 
[44] 
where the subscript "in" of equation [44] represents the inward direction. 
The subscript "out" stands for outward direction of the unit vector n. The 
outward direction of the unit vector n, n^^^, is simply equal to the nega­
tive quantity of inward direction or 
V h ^  ^ h2 1/2 
"out " (ï 1 + 1) [45] 
Equation [45] was evaluated in terms of x and y in the cartesian 
system; however, it is our concern to find in polar coordinates system 
and two following identities, given In Spiegel (1959, p. 142), assist in 
finding n^^^ 
45 
i • cos 6 e - sin 0 e. [45a] 
r 0 
j • sin 6 + cos 0 [45b] 
Now, substitution of equations [45a] and [45b] In equation [45], for 
1 and j respectively, yields an outward unit vector along boundary condition 
2 in the polar system; thus we have 
2 
n . = [(7 cos 6 + sin 0)^  + (cos 0-7 sin 0)e ]/(^ + 1)^ ^^  [46] 
out ij r JU a ^ 
Equation [41] and [46] may be combined as in equation [40], which gives 
the condition needed if (j) Is to satisfy boundary condition 2, or (using 
the vector dot product solution) we find 
"E = = [(^  cos 0 + sin 0)t + i(cos 0 - ^  sin 0)tg fftg]/ 
2 
(^ Y + 1)1/2 = 0, 0 < 0 < y [47] 
L 
which is equivalent to 
M 
3n 
= (^ cos 0 + sin 0) + •^(cos 0 ~ L 0 ^  0 ^  y [48] 
The two functions of and |^, in equation [48], are available by 
dv or 
equations [12] and [17]. After substituting ^  and in equation [48] 
and introducing two new auxiliary functions gQ(r,0) and g^(r,0), equation 
[48], subject to boundary condition 2 becomes 
SgCr.e) + Sn(r.e)] • 0. o<e<| [49] 
r-rj 
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where represents the distance from the origin of the polar coordinates 
system to any point on the boundary 2 and may be obtained from equation [42], 
by using the relations a, x = r cos 0 and b, y = r sin 6, or 
^2 = 
sin 8 + — cos 0 
[50] 
b. Checking boundary condition 3_ At the upstream face, boundary 
condition 3, the normalized hydraulic head at any point along the sloping 
face is equal to one, and this requires the evaluation of equation [24] at 
r = r^ and 8 is the distance from the origin to any point on 
the boundary 3. The quantity of r^ may be given by the following expression: 
^3 " sin 0 - — cos 0 
[51] 
which is derived from the equation of a line of boundary condition 3. 
We may again Introduce a new function f(0), as it was done in the 
first problem, 
0 ,  0 < a < —  r  =  r .    8  1  
f(0) =< 
1, |< 8 < TT r = r. 
[52a] 
[52b] 
and also a new function u (0), first for m = 0 as 
m 
IT 
gQ(r,0) 0 £ 0 £ -J 
UqO) 
In 
w 
i n ^  
w 
r = r. 
r = r. 
[53a] 
[53b] 
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and second for m = 1,2,... 
u (0) =S 
m 
g^(r,e), 0 1 0 1 f. r = Tg [54a] 
m _ —m 
[(^) - (^-g) ]cos m8, "2 1 6 1 TT, r = r^ [54b] 
with the same argument for equation [28], equations [49] and [53]-[54] 
may be combined to a single equation which produces equation [29] for 
Nth approximation of f(0) as 
N-X» 
f(6) = Z ^Sjm 0 ^ 6 < IT, m = 0,1,... [29j 
m=0 
In this problem, to get the constants A^, the modified Gram-Schmidt 
method with the same principles may be used. In addition to that, the 
Fortran computer program as listed in Appendix B is similarly used. 
4. Stream function and flow rate 
The stream function W for all cases in Figure 10 and the flow rate Q 
for cases a and b in Figure 10, will become just that given by equation [33] 
and [35] respectively. The flow rate Q for case c of Figure 10 may be 
found by using equation [34] and knowing the limits of 0. 
If we assume the angle of 0 at the corner is 0^^ In the conventional 
direction of the polar system, then 
Q = ^(r ,0,) - ip(r ,0) [55] 
w i w 
or 
Q = kH 
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^0 ~h~ + ^  ) sin m8^ [56] 
where terns in the second part of equation [56] become small rapidly as 
m increases. 
B. Results and Discussion 
As an example of the solution of the present problem, we return to 
Figure 9, and the results will be given for a case when h = 5 ft, the 
slope on both sides if 1/2, r^ = 0.5 ft and finally L = 10 ft. 
The computer program in Appendix B, with 33 bisections for each range 
of integration and N = 20, is used to get the set of 
Nm 
As a result of these computations, the graph of Figure 10 has been 
prepared. The successive graphs, f^CG) vs 6, Figure 10, show how fast 
fjj(9) is converging to f(6). The trend shows that for a small value of 
N = 20 and 33 bisections a relatively good agreement is achieved. 
Figure 11 provides another indication that f^^G) approximates f(6) for 
values of N near N = 20, and it demonstrates that the left side of Bessel's 
inequality of equation [17A] of Appendix A approaches the right hand 
side as N increases. 
At the discontinuity point of f(6) in Figure 9, Dirichlet's conditions 
are properly satisfied; that is, as it is seen in the first problem, that 
the average converged value of f^XG) approaches 1/2. Table 7 and Figure 12 
also show the behavior of the function f^CB) at the discontinuity point 
and its agreement with Dirichlet's conditions. It must be added that the 
values in Table 7 for N = «> are theoretical. 
49a 
t 
Figure 10. Graphs of f(0) and f^CQ) vs. 0 for N = 0,5,10,15 and 20. 
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Figure 11. Left hand side of Bessel's inequality of equation [17A), 
vs 1/N, Appendix A. 
52 i 
Table 7. The behavior of the function f(6) at the discontinuity, denoted by 
f(0~) and f (@i^) and its agreement with the Dirlchlet condition 
with increasing N 
N f(e~) f(8+) [F(eï) + F (02)1/2 
0 0.358 0.826 0.592 
1 0.146 0.682 0.414 
5 0.148 0.851 0.499 
10 0.096 0.897 0.496 
15 0.055 0.915 0.485 
20 0.049 0.930 0.489 
00 0.000 1.000 0.500 
53 
C\i 
1.0 -
•f 
O 
05 
ao 
Voo 1/20 1/10 
1/N 
1/5 
Figure 12. The graph of f^XG) at discontinuity point, when the 
of fjj(6) approaches 1/2. 
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The flow rate Q, as given by equation [35], may be found as 
1.0486k, (flow per unit length normal [56a] 
to the plane) 
where by equation [29], we have computed = A^q q = 1.003. 
In Table 8 the numerical values of the left hand side of Bessel's 
Inequality show that for N = 20 Bessel's left hand side Is 1.5704, when 
Its normalized value approaches 0.9998. Figure 13 shows the flow net for 
the present example and the pressure head and total head, along the 
Impervious boundary 2, are calculated In Table 9; and Figure 14 shows the 
rate of change of these heads along the boundary 2. 
For the solution to any problem of this kind, the same steps and 
method may be followed. But In case c. Figure 9, u^(8) Is not a complete 
set and In this situation f(r) and u (r) may be Introduced for f(0) and 
m 
u (6) respectively, and the integrations for w and u , equation [30] and 
m m tnn 
[31], respectively, will have an interval in terms of r Instead of 
In this situation, from the equation of the line of boundary 3, 6 
may be obtained as 
For instance, in Figure 9, the equation of the line coincident with 
the boundary 3 in the cartesian coordinates system is given by 
0 = ecrg) [57] 
y = 2h(l - [58] 
which is equivalent to 
y^ «= 4h^(l - ~) 
2 
[58a] 
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Table 8. Numerical values of the left hand side (LHS) of Bessel's 
inequality, and normalized inequality for increasing values 
of N 
N Bessel's LHS Nor. LHS N Bessel's LHS Nor.LHS 
0 1.3355 0.8502 11 1.56965 0.9991 
1 1.4579 0.9281 12 1.5697 0.9993 
2 1.4617 0.9306 13 1.5699 0.9994 
3 1.5429 0.9822 14 1.5700 0.9995 
4 1.5493 0.9863 15 1.5702 0.9996 
5 1.5620 0.9944 16 1.5702 0.9996 
6 1.5664 0.9972 17 1.5702 0.9997 
7 1.5673 0.9978 18 1.5703 0.9997 
8 1.5688 0.9987 19 1.5704 0.9998 
9 1.5688 0.9987 20 1.5704 0.9998 
10 1.5693 0.9991 00 1.5707 1.000 
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Table 9. Numerical values of elevation head, pressure head and total 
head along the impervious boundary of Figure 13 
Elevation Head Pressure Head Total Head 
•  
ft. ft. ft. 
0 2.17 2.17 
0.5 1.55 2.05 
i.o 0.99 1.99 
1.5 0.46 1.96 
2.0 0.06 1.94 
2.5 -0.54 1.95 
3.0 -0.98 2.01 
3.5 -1.37 2.18 
4.0 -1.45 2.55 
4.5 -1.32 3.18 
5.0 0.00 5.00 
Barrier 
.0.2 
1.0 
Figure 13. Flow net for the conditions, L = 10 ft, h = 5 ft, and r = 0.5 ft. 
w 
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Figure 14. 
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On the other hand, the following identicles, where we write r for r^, 
may be helpful 
2 2 2 
X = r cos 0 and x = r cos 0 [58b] 
2 2 2 
y = r sin 0 and y = r sin 0 [58c] 
and 
2 2 2 
X + y = r [58d] 
A new equation may develop, by the substitution of equation [58a] and 
[58b] in equation [58d], 
cos^ 0 + 4h^(l - r [58e] 
or 
2 2 
r^ cos^ 0 - Lr cos 0 + ^  = 0, (h = j) [58f] 
and from equation [58f], cos 0 becomes 
2 1/2 
cos 0 = + [| - (|^) ] [58g] 
and finally by restoring r to r^ and 0 to we have 
-1 L 1 L 2 1/2 
eCr^) = cos -^  + [| - (^) ] [58h] 
Now in checking boundary conditions 2 and 3, the main goal is to find 
u (r), m = 0,1,..., where 0 at the boundary 2 is a constant value and at 
m 
boundary 3 is given by equation [58h]. 
For comparison of the efficiency of the three cases In Figure 9, in 
order to reduce the seepage force acting on the impervious sloping boundary. 
60 
the solutions of the three cases a, b and c in Figure 9 are presented 
here, for arbitrary dimensions L = 1, H = 0.57, r^ = 0.025, where these 
dimensions are normalized with respect to the largest dimension, L = 
10 ft. 
First, as a result of computation, the flow nets of these cases are 
given by Figures 15, 16 and 17, and second, the graphs of the normalized 
total head (f)/R vs the normalized evaluation head y/h. Figure 18, for the 
normalized elevation head y/h for the three cases demonstrates the varia­
tions of total heads and the elevation head along the impervious sloping 
boundary. 
A comparison of the curves Indicates that when tile drain is located 
just at the corner, the total head along a great portion of the sloping 
impervious boundary will be appreciably higher and also as the tile drain 
gets very far from the sloping boundary, the variation of the total head is 
mild but relatively high. Finally when the tile drain is ^  close to the 
sloping impervious boundary, the total head is almost always low. One may 
notice that the pressure, defined by equation [29], Is always positive for 
case c, which means some force Is acting on the sloping boundary, and at 
the same time the pressure in case a, in some portion, is negative, which 
means on that area no force is acting against the impervious wall, and 
finally the most efficient case is when the tile drain is relatively close 
to the sloping wall. 
L 
-HîÇ,!-
-H 
Figure 15. Flow net for the case that the tile drain is constructed at half distance on the longest 
side, h = 0.57, L« 1, r^ = 0.025, for Figure 10a 
Barrier 
H^rp-
CT> 
to 
Figure 16. Flow net for the case that the tile drain le located at 1/4 distance from the corner 
The dimensions are the same as for Figure 15. 
Barrier 0.8 
1.0 0.4 
o.a 
Figure 17. Flow net for the case when the tile drain is located at the corner. The dimensions 
are the same as in Figure 15. 
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Tile at 1/2 dist. from the toe. 
--Tileat1/4 dist.from the toe. 
-Tile at the toe. 
1.0 00 
i 
H 
Figure 18. Normalized total head along barrier in Figure 10 when the tile 
drain is constructed at the different locations shown in 
Figure 10. 
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V. SEEPAGE TO A DRAIN IN A TRAPEZOIDAL 
SHAPE NATURAL LEVEE 
This problem considers a trapezoidal natural levee or maybe an 
artificial earth work such as a small dam. In these types of earth 
structures the water seeps from an upstream face to a drain, which is 
constructed on the barrier. Our scope in this problem is the evaluation 
of the effect of the drain in reducing pressure along a downstream boundary. 
A. Mathematical Analysis 
1. Geometry 
The geometry of the present problem is as in Figure 19 and the tile 
drain can be any place on the foundation. The water level stands at the 
highest level which is equal to the height of the natural levee. 
A reference level is considered to be at the top of the tile drain, 
assuming running just full, and the origin of coordinates is chosen at the 
center of the tile drain. 
2. Potential function and boundary conditions 
In this problem the potential function $(r,6) and the hydraulic head 
function (|) are assumed to be exactly the same as in previous problem, for 
example, ({> is given as in equation [7]. 
The boundary conditions for the problem in hand, Figure 19, may be 
given as follows: 
Boundary condition 1 3(j)/3y "0, 8^ = 0 
Boundary condition 2 <j)/H "1, ^8 
Boundary condition 3 8<fi/$y "0, a^6g ^ 6 
sz. 
Ref 
W 
h-
Figure 19. The geometry and boundary conditions for the trapezoidal shape earth work or levee. 
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Boundary condition 4 8$/9n "0, a ^  8^ w 
Boundary condition 5 3<j)/3y = 0, 6^ = ir 
Boundary condition 6 $ = 0, 0 ^  8^ _< TT 
Having equation [7] In mind and checking It with boundary conditions 
of the current problem simultaneously, one may find that the function "(J»"'will 
satisfy boundary conditions 1, 5 and 6 as it is proved in problem 1 and 2 
for a similar situation. 
Now, the function 4> ought to be checked against the remaining bounda­
ries 2, 3 and 4 of Figure 19. 
3. Method of solution 
a. Checking boundary condition 2^ For checking the function (|) along 
boundary 2, for saving time and space, the same method of solution as is in 
the first problem, for boundary 4, may be used. In this case the equa­
tion [24] may be employed for boundary 2 of this problem by changing 
r = r^ to r = rg. The variable r^ can be evaluated in the same way as in 
equation [23], for the present geometry. 
Now, assuming the slope of the line along boundary 2 is equal to a, 
then the equation of this line in the cartesian coordinates system may be 
given as 
y = a(-x + L^) [59] 
and consequently the corresponding r (= rg), in the polar coordinates 
system is given by 
68 
b. Checking boundary condition For this situation, the equation 
[13] may be used simultaneously with the conditions r^ = h/sln 6 and 
a ^  8g < g. We assume that the final form equation on boundary 3 will be as 
= Vo(r,e) * A^j/r.8) [60] 
and, whenever, the function and are needed, one may refer to equa­
tions [12] and [17], respectively. 
c. Checking boundary condition 4 At the boundary 4 of this problem, 
the same condition exists as In the second problem, equation [49], except 
r = r^ must be replaced for r = rg. r^ may be easily found by assuming 
that the line of the boundary condition 4, with an arbitrary slope b, has, 
in the cartesian coordinates system the equation 
y = b(x + Lg) [61] 
Therefore, r^ in polar coordinates system may be obtained as 
L, 
r, = b — [61a] 
4 sin - b cos 
The final step here is to introduce new functions f(6) and u^(6), 
m = 0,1,... and relata them to the boundary conditions, shown on Figure 19, 
for which the function (f) has been checked. Considering equations [24], 
[61] and [49], with corresponding conditions of r and 0, we have 
f(0) =< 
1 ,  O £ 0 2 < a ,  r  =  r g  [62a] 
0, a < 0] < g, r = rg [62b] 
0, G < 0^ </%, r = r^ [62c] 
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and for u^CG), m * 0 
Uq(0) =S 
In -^/In 
'3 w 
jq/f'G)' 
go(r,8), 
0 < 02 < a, r = rg 
a < e, < 3, r = r, 
G  1 8 _  <  n ,  r  =  r .  
and for m = 1,2,... 
r ° rL ~® 
[(r) - (—0) ] cos m0. 
u (0) =C J (r,0). 
m m 
g_(r,0), 
m 
0 < 02 < a, r = r^ 
a < 03 < e, r = r, 
3 1 64 1 TT, r = r. 
[63a] 
[63b] 
[63c] 
[64a] 
[64b] 
[64c] 
Perhaps It Is necessary to mention that this problem, as It is seen In 
equation [62], [63] and [64], Is a three step function which actually means 
that the hydraulic head (J) Is checked along three boundaries In Figure 19. 
As It was found In previous problems from equation [29], with f(0) 
and u^(0) known by equations [62], [63] and [64], the set of constant 
can be found by the Gram-Schmidt method. 
The stream function and flow rate Q, for this problem, are given by 
equations [33] and [35] respectively. 
6. Results and Discussion 
Some numerical examples of trapezoidal-shaped earth work may be useful 
to demonstrate the behavior of the method of solution. 
We take a geometry with dimensions, L = 1, = 0.75, - 0.25, 
a « 1/3, b » 2/5, h = 1/6 and r^ = 0.01, where all dimensions may be 
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considered normalized with respect to the largest dimension, say L = 10 ft. 
The values of the are computed by the modified Gram-Schmidt method, 
and the Fortran Computer program in Appendix B was used to get the results. 
The values of A*s were approximated for N = 20 and bisections, for 
numerical integrations, 65, 17 and 33 for boundaries 2, 3 and 4 respectively. 
As a result of computation, the normalized Bessel's inequalities are shown 
in Table 10. The values of this table indicate, even with a small value 
of N and few bisections, a very good approximation of A's are obtained. 
Meanwhile the Figure 20 shows the trend of approaching the left side of 
Bessel's inequality to the right hand side, for approximated values of 
A's, as 1/N decreases. 
Flow nets, Figures 21 and 22, are drawn for i) when the tile drain 
is located in L/4 to the toe, ii) and when the tile drain is just at the 
corner, opposite side of the upstream face. 
Figures 23 and 24 demonstrate the distribution of the heads along the 
impervious boundary. 
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Table 10. Convergence to the left side of Bessel's inequality to unity 
as N increases a) tile drain is located just at the corner, 
b) tile drain is located close to the toe 
a 
N left hand side N left hand side 
_ of Bessel's inequality of Bessel's Inequality 
0 0.9471 10 0.9998 
1 0.9978 15 0.9998 
2 0.9980 20 0.9999 
3 0.9990 
4 0.9991 (") 1.00000 
5 0.9991 
b 
0 0.157 10 0.989 
1 0.813 15 0.993 
2 0.813 20 0.997 
3 0.883 
4 0.919 (<») 1.0000 
5 0.919 
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l/J 0.5 
0.0 Ô3Ô" 0.20 
1/N 
Figure 20. The graph of the left hand side (LHS) of Bessel's inequality 
of equation [17A], Appendix A, vs 1/N. 
- 0.8 Barrier 
0.4 1.0 
4» "1 0.8 
3/4 L 1/4 L 
Figure 21. Flow net of seepage through a trapezoidal shape dam or levee when = 0.75, 
0*25, r " 0.01, h = 1/6, a = 1/3 and 6 = 2/5 (normalized respect to L = 10). 
0.6, 
1.0 
0.2 
uJ 
0.8 
L 
Figure 22. Flow net for seepage through an earth dam or levee In trapezoidal shape when a drain 
tile is in the corner. The dimensions are L=l, h = 1/6, r = 0.01, a = 1/3, and 
3=2/5 (normalized respect to L = 10). 
f 
75 
Total head 
Elevation head 
Pressure head 
1.0 
0.5 • 
0.5 OJO -0-5 1.0. y/h 
Figure 23. The graph of normalized heads (total, pressure and evaluation) 
on sloping impervious boundary Figure 19. When tile drain is 
not at the corner, but at a distance of L/4 from the left/ 
right end. 
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Total head 
•Elevation head 
Pressure head 
0.5 
0.0 
-0.5 0.5 1.0 00 
y/h 
Figure 24. The graph of head8(total, elevation, pressure) on the sloping 
impervious boundary, when the tile drain is at the corner. 
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VI. SEEPAGE TO A CHIMNEY DRAIN IN AN EARTH DAM 
A. Mathematical Analysis 
In earth or rockfill dams and behind retaining walls, use of a 
chimney drain is one of the common methods to control the seepage flow 
and to reduce seepage force. There are many references, such as 
Cedergren (1967) and Taylor (1970), in which the chimney drain is 
especially recommended. In practice, the chimney drain has been used 
extensively in different earth structures such as earth dams and retain­
ing walls, Sherard, et (1967). 
Some of the chimney drains are constructed vertically on the 
foundation, whereas in some other cases the sloping chimney drain is 
preferred. Figure 25. 
In all cases the water seeps, from an upstream face, through the 
earthfill to the chimney drain and it flows under gravity force through 
pipes or a conduit to the open air. 
Chimney drains have been used in homogeneous or non-homogeneous 
earth dams. In non-homogeneous earth dams, the chimney is constructed 
immediately after the main core which is mostly formed from compacted 
fine materials. 
In the design of the chimney drain and conduits necessary for carry­
ing the water out of the earth dam, the engineers would like to have a 
formula which gives discharge due to seepage. 
In this problem, a general solution to the seepage from a 
stationary water table through an earthfill, to a chimney is given and 
a formula for computation of the discharge is provided. 
Wn chimney 
a. Homogeneous earth dam. 
-Sloping chimney Core 
b-Norvhomogeneous earth dam. 
c. Homogeneous earth dam. 
Figure 25. Some practical examples of earth dams irtth chimney, adapted 
from Sherard (1967). 
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1. Geometry 
Figure 26 Is a general case of a sloping chimney drain in a non-
homogeneous earth dam and at the same time it may be considered as a 
chimney drain in the back of a retaining wall, when the main purpose of 
it is to reduce the pressure at the downstream face of the dam or to 
reduce the seepage force acting on the retaining wall. In our problem 
the water is standing at the height of the core. This height is 
equal to the height of the chimney measured from the barrier, but in the 
retaining wall the water table may be assumed to be more than the height 
of the retaining wall. 
For this case a polar coordinates system is established where any 
point can be represented by r and 6, of a conventional polar coordinates 
system. 
It is assumed that the total head at any point along the chimney drain 
is equal to the elevation of that point. Therefore, the pressure head 
is equal to zero or atmospheric all along the seepage face. We also 
assume that only the main core is causing head loss; in other words, the 
rockfill in front of the uniform compacted core has very little or no 
effect on the energy line, Harr (1962, p. 208). 
2. Potential function and boundary conditions 
A general potential function for this case may be provided, using 
equation [4], as 
I (#) COS [«51 
80 
Y 
Figure 26. Cross section of a nonhomogeneous dam with less permeable 
core as flow region. 
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where (j>(r,6), say (j), is the total head and and are constants to be 
found for a particular case. 
The boundary conditions for Figure 28, where the origin of coordinate 
is chosen at the point 0, may be given as 
Boundary condition 1 9#/9y =0, 8^ = 0 
Boundary condition 2 # = y, 0 ^  Gg ^ a 
Boundary condition 3 3(j)/9y = 0, o ^  8g ^ g 
Boundary condition 4 4)/H = 1, $ ^  8^ ^  TT 
Boundary condition 5 
3. Method of solution 
S(f>/dy "0, 8g = ÏÏ-
a. Checking boundary condition 1 and 5 At boundary condition 1 
and 5t it is expressed that 
9$ 
9y 
= 0 
6"0 or TT 
[66]  
By using equation [9], identity given in Kaplan (1973), equation [66] 
becomes 
= 0 [67] 
6=0 or TT 
The first term of equation [67] is zero for 8 = 0 or n, therefore, the 
equation [67] may be written as 
9d) I 
9y 
yO 
cos 6 9$ 
r 96 6"0 or ir 
[68] 
82 
For complete evaluation of equation [68], ^  is needed, which may be 
obtained from equation [65], by taking the derivative with respect to 0, 
He = • ^ ® 4m si" [69] 
The right side of the equation [69] for 0 = 0 or ir, ra = 1,2,...N, is 
always equal to zero and substituting equation [69] into equation [68] 
yields also = 0, 0 = OorTT. This proves that equation [65] will 
dy 
satisfy boundary condition 1 and 5, independent of the values of the 
constants A^. 
b. Checking boundary condition 2 At boundary condition 2 the 
total head is simply equal to the elevation head, ^ = y, where y = yg and 
it is given by 
y2 = aXg + b, (a = slope) [69a] 
and in the polar coordinates system, one may find r^ from equation [69a] as 
'2 " sin e - cos e • ® °®2' " i 
Consideration of equation [65], [69a] and [70] yields the results 
for boundary condition 2 as 
"(40 + ^  4m(f) = H 
c. Checking boundary condition 3 As it is in boundary condition 3, 
= 0, and using equation [9], the result becomes dy 
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+ -0 [721 
y=h r-r^ 
where we have available in equation [69], r^ = g and is as 
If " - V 7'r'" 
and the substitution of right hand side of equations [69] and [73] in 
equation [72] gives 
(^) = ^  {Z (^) [sin 0 cos m0 - cos 6 sin m0]} = 0 [74] 
y=h r=rg 
and after eliminating ~ 3^ 0, and combining what's inside the brackets. 
it will finally give 
= r (^) 8in[(l-in)0] = 0, Ct £ 0^ <_ 6 [75] 
'='3 
d. Checking boundary condition 4 At the boundary condition 4 the 
normalized hydraulic head Is equal to unity along line 
I I 
74 = a + b [75a] 
I 1 
where a is the slope and b is the Intersection of the line with the axis 
of y. 
Equation [75a] can be expressed in terms of the polar coordinates 
system, r and 6> as 
b' 
4 sin 0 - a' cos 0 [76] 
Since the value of 0^, 3 0^ £ TT, and consequently the value of r^ from 
equation [76] are known, one may write, at boundary condition 4, 
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H - (\0 + ^  0" " «' «184 
"'4 
Now the equations [71], [75] and [77] may be combined in a single 
[78a] 
[78b] 
[78c] 
[79a] 
[79b] 
[79c] 
[80a] 
[80b] 
(^) cos m6, r = r^, 3 £ 6^ £ TT» [[80c] 
In fact, a set of constants A^, m = 0,1,...,N, may be found to 
approximate f(8), in equation [28]. To get the set of A^, one may follow 
a method which is exactly the same as in the preceding problems. 
The modified Gram-Schmidt method, Kirkham and Powers (1972), is again 
used for N-th approximation of f(6) denoted by f^XG) in equation [28], 
and obviously by obtaining the values of the A's, the hydraulic head of 
equation [65] will be known for any point, specified by r and 0, in the 
equation by introducing a function f( }, as in previous problems, 
Iy/H, r = rg, 
f(8) =< 0, 
1, 
r " ^3' 
0 < 02 < a, 
a < 83 < 3, 
3 1 64 lîT. 
and a function of u^, m = 0,1,2,...,N will be, first for m = 0, 
"Nm(®) 0' 
r = r2. 
r = ra, 
r " '4' 
0 < 02 < a, 
a < ©3 < 3, 
3 < e^lTT, 
and for m = 1,2,... 
^ r ° 
(jj) cos m0. r = r. 0 < 02 < a. 
r ° 
(r) sln[(l-m)0], r = r., a £ 0- <. 3. 
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flow region. 
4. Stream function and flow rate 
The stream function Y, for this problem, may be found from equation 
[32] and using equation [65] for $(= k#). 
The result of the integration of the right hand side of the Cauchy-
Riemann, identity [32], with respect to 6 yields 
N-X» m 
y = kH Z sin m6 + c [81] 
and when the differences between two % are considered, the constant c 
will have no effect and automatically will be cancelled out. 
Discharge, Q, which must be drained out as a result of the chimney 
drain may be obtained as 
^ " '^(r,8 =a) '^(r,9 = ir)' 
which is the discharge for one unit length normal to the plane of the 
figure, and for s units of length perpendicular to the figure the seepage 
flow may become 
^s " E = Tr/2) " Y(r, 8 = TT)^' 
The evaluation of in equation [83] for corresponding r and 6, 
where W itself is given in the equation [81], may produce the discharge, 
flow rate, as 
r " Qg = kHS Z (—) sin ma, [84] 
and in equation [84] r Is equal to r^ which is given by 
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Therefore, may be expressed by 
h " 
% ° ^ 'W <L sit. o' IBS' 
Because the flow rate Q^, which may be seeped from core, is known to 
engineers, the design condition for a chimney drain with drain pipes or 
conduits can now be done rationally with the aid of equation [85]. 
B. Results and Discussion 
As a particular solution, the dimensions of a dam adapted from 
Sherard et al» (1967) are chosen as H = 60m, L = 100m and the slope on 
both sides is 4/3, and it. is assumed that the core is the flow region. 
In regard to the equations [70] and [76], the first step is to find 
r^, r^ and r^ as 
r_ = 220 « , « . . -1 
^ sin Gg + (j)cos 0^ 
, 0 ^  ^ a = tan (6) [85a] 
rg = tan'^(6) < 83 < $ - Tr/2 [85b] 
60_^ ^ I < 64 < TT [85c] 
^ sin 0^ - (|)cos 0^ ^ ^ 
Now the computer program in Appendix B, for a three step function, can 
be used to compute the values of A's for N = 1,2 20. For the process of 
integration, 65, 33 and 65 bisection Intervals are used for boundaries 
2, 3 and 4, respectively. 
In order to check the completeness of the selected function <() in 
equation [65], the normalized left side of Bessel's Inequality for N = 
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0,1,... Table 11, and the graph of the left side of Bessel's inequality 
vs. 1/N, Figure 27, are obtained. The results indicate that for N = 20, 
Bessel's inequality becomes 0.99961 which proves for a relatively small 
value of N that very good result and fitness may be obtained. 
The behavior of the f^XQ) at the discontinuity points was also checked 
and Table 12 demonstrates the values of f^CO ), and the mean of 
fjj(0)» for N = 0,1,...,00, of boundaries 2-3 and 3-4, respectively. From 
the values in the Table 12, one may conclude that the Dirchelet's condi­
tions are satisfied and as N approaches infinity, the mean values become 
1/2, Figure 28. 
In Figure 29, the graphs of f^CG) vs. 9 , for N = 0,1,5,10,15 and 
20 are shown and it indicates as N increases, f^CG) approaches f(6). 
When the values of the set of constants A's are known, the seepage 
discharge Q^, from equation [85], becomes 
Qg = 0.656 ks m^/sec [85d] 
for which k the hydraulic conductivity, m/sec, and s the length of dam, m, 
are to be supplied from field data. 
For a complete solution to this particular example the flow net is 
also drawn in Figure 30 where (j)'s and Y's are normalized. 
All the results given for the present problem, mainly the checking 
boundary conditions, the testing for Bessel's inequality, the comparing 
fjj(9) and f (8) as they are drawn vs. 6, and the satisfying of the Dirichlet's 
conditions at the discontinuity points of boundaries 2-3 and 3-4, indicate 
that a proper potential function $(= to|)) of the equation [65] has been 
selected. 
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Table 11. The relation between N and the left hand side of Bessel's 
Inequality 
N Left side of Bessel's Ing N Bessel's Ing 
0 0.850 
1 0.973 10 0.9991 
2 0.993 15 0.9995 
3 0.994 20 0.9996 
4 0.996 ... 
5 0.996 (00) 1.0000 
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0.20 
Figure 27. The graph of the left hand side of Bessel's inequality equa­
tion [17A], Appendixversus 1/N. 
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Table 12. Function of f(G) at discontinuity, denoted by f(0 ) and 
f(6^) respectively. In relation to increasing N and its 
agreement with Dirlchllet conditions, (A), for boundary con­
ditions 2 and 3; (B), for boundary conditions 3 and 4 
(a) 
N 1/N f(e") f(8+) [f(e") + f(8+)]/2 
0 0.0 0.755 0.0 0.377 
1 1 0.687 0.0 0.343 
5 0.200 0.867 0.160 0.501 
10 0.100 0.830 0.110 0.475 
15 0.066 0.850 0.129 0.489 
20 0.050 0.858 0.127 0.497 
00 0.00 1.000 0.00 0.5000 
(b) 
N 1/N f(e") f(6+) (f(6") + f(e+)]/2 
0 CO 0.0 0.755 0.377 
1 1 0.0 0.779 0.389 
5 0.2 0.114 0.898 0.5001 
10 0.1 0.051 0.848 0.449 
15 0.066 0.095 0.888 0.492 
20 0.05 0.094 0.889 0.495 
00 0.00 0.000 0.1 0.500 
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00 *" "fT" I I 
1/&» 1/10 1/5 1/1 
1/N 
Figure 28. The graph of 2^(6) at discontinuity points, when the average 
of f (G) approaches 1/2. 
N 
92a 
Figure 29. Graphs of ( 0" ) and f( -^ ) vs. -O" for N - 0,1,5,10, 
15,and 20. 
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Figure 29 (continued) 
Chimney 
SO 
L 
Figure 30. The flow net for seepage through an earth dam with less permeable core and with a 
chimney drain. The dimensions are L = 100m, H = 60m and slope of both sides 4/3. 
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For the examples cited here, we have just selected the case b In 
Figure 25, but the solution for other cases may be obtained by following 
the same method of solution. 
For convenient geometrically relationship, it is preferred to 
stabilize the system of coordinates as In Figure 26, but the solution may 
be obtained for any other location on Impervious foundation. 
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VII. SEEPAGE TO DRAIN TUBES IN A STRATIFIED 
SOIL ABOVE AN ARTESIAN AQUIFER 
A. Mathematical Analysis 
1. Basic assumptions 
In theoretical solutions some assumptions which may not agree with 
reality are often needed for simplicity. But in many cases these assump­
tions are not appreciably damaging to the final result, therefore, the 
theoretical solution may often be applied to the field as a good approxi­
mation. For the present problem, in addition to the general assumptions 
made at the end of the Literature Review, some other assumptions are 
needed. They are: 
- The tile drains are equally spaced so that only a semi section of a 
flow region needs to be considered because of symmetry. 
- In a two layered-soil the boundaries between the first and second 
layer, and also the second layer and artesian aquifer below the second 
layer, are straight, horizontal and parallel lines, Figure 31. 
- The relief point, the tile drain, is located in the first layer and 
its radius is small compared with the distance to a layer interface and to 
adjacent tile drain. 
- At the contact surface of the artesian aquifer and the second layer, 
the plezometric pressure Is constant. 
- The tile drains are running half full. 
- Upward flow, denoted by F, is an average flow per unit area, and 
the total upward flow per unit area is given by defined by the expression 
Figure 31. Drainage in a two-layered soil above an artesian aquifer: (a) Drainage of the agri­
cultural land, (b) relief pressure underneath a foundation. 
RECHARGE(R) 
l i i l l i l l 1 
SOIL SURFACE 
IMPERVIOUS SHEET 
V • [86] 
where s Is the half distance between adjacent tile drains and a unit 
length perpendicular to the plane of the figure is considered. 
These assumptions are not necessarily true in the field, but as was 
mentioned earlier, the results of the theoretical solutions should still 
be essentially valid. 
Some other facts automatically cross one's mind. For Instance, the 
drainage system will not operate properly if the recharge rate R, as Indi­
cated In Figure 31, is greater than the hydraulic conductivity of the 
first layer. If the radius of the tile drain is too small so that it is 
not able to carry out the seeped water, the water table will rise to the 
soil surface. 
In this thesis, the problem of drainage of a stratified soil above an 
I 
artesian aquifer has been solved mathematically exactly, but the assumption 
made by Klrkham and Powers (1972) as first suggested by Hooghout in 1940, 
gives the problem an approximate solution. By this assumption the loss of 
head in the arch region of drained agricultural lands is neglected. The 
arch region may be Imagined as having an infinite number of infinitesimally 
thin Impermeable strips extending from the reference level to the phreatlc 
line, with the space between these strips being assumed filled with 
material having infinite permeability. Therefore, the head loss due to the 
movement of water In this region is negligible. 
Discharge to a tile drain is the summation of recharge R from the top 
surface, due to steady-state rainfall or excess irrigation, and the upward 
flow F, produced by the artesian pressure in a very permeable stratum of 
geological formation. 
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When a case represents a foundation problem, the replenishment R, 
rainfall or excess Irrigation water, has been considered as equal to zero; 
therefore, the discharge to the tile drain underneath the foundation 
(Impervious layer) will be equal to the upward flow F from the artesian 
aquifer. 
To solve water seepage problems, Laplace's equation Is needed. Laplace's 
equation may be obtained by using the equation of continuity and Darcy's 
law, Klrkham and Poweis (1972). In a three dimensional flow. In cartesian 
coordinates, the equation Is 
where $ Is the potential function and x, y and z are the directions in the 
cartesian coordinates system. The equation [86a] is true for a steady 
state and saturated medium. Laplace's equation may also reduce to a two 
dimensional flow, where the third dimension is assumed to be a unit length, 
as 
In equations [86a] and [86b], the potential function $ is a velocity 
potential and it is related to the hydraulic head (j) by the relation 
$ = k<|). 
2. Geometry 
Because of symmetry, a semieection of a stratified soil (double 
layers), with replenishment R from the soil surface and upward flow F from 
the artesian aquifer, is considered in Figure 32. 
2 2 2 3 $ a & a & 
, 2 
[86a] 
[86b] 
Figure 32. General geometry and boundary conditions for a flow region of a double layer soli 
above an artesian aquifer. 
SOIL SURFACE 
iPiezometer 1  ^ ' I J ' i i 1 
G 2r r 
X 
H i 
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5b 
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Y 
8 
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A cartesian coordinates system with its origin at the center of the 
tile drain is established where x increases horizontally to the right and 
y increases vertically downward. The system shown is a left-handed system. 
The left-handed system gives the same results as a right-handed system 
because of symmetry about the y axis. 
3. Potential function and boundary conditions 
By the method of inspection, Kirkham and Powers (1972), $^(x,y) and 
hereafter ({)^ and (J)^ are selected as the hydraulic heads for the 
first and second layer respectively as 
*^1 F y 
00 cosh — (d-y) sinh — (h-y) 
+ 
and 
where A., B_, C , A , B and C are arbitrary dimensionless constants, s, d 
u u u m m m  
and h are in terms of distance as indicated in Figure 31, R and F are 
defined as recharge from the top surface and upward flow respectively, and 
is the hydraulic conductivity of the first layer and finally G is 
piezometric head. The reader may notice that the potential functions for the 
first and the second layer may be obtained by using the relation $ = 
By having this relation in mind, one finds that (|)^ and for the first 
and second layer, satisfy Laplace's equation which is an essential require­
ment as it was discussed earlier. 
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For simplicity in writing the boundary conditions, we may define q as 
q = tSSal 
Because of symmetry, it is sufficient to consider only half of the flow 
region between two drains in Figure 32. The right half of Figure 32 shows 
that the circular drain is replaced by a slit drain of supposed thickness 
zero and width 6. It will be assumed that the streamlines are equally 
spaced, i.e., linearly distributed as they enter into the slit drain. 
Considering the right hand side of Figure 32, the boundary conditions may be 
expressed as 
H 
Boundary condition 1 y = 0, 0£x^ô, k^ = q 
H 
Boundary condition 2 y = 0, 6£x£s, k^ = - R 
3*1 
Boundary condition 3 x = s, 0£y£d, kj^ = 0 
9*1 
Boundary condition 4 x = 0, 0£y<^d, k^ = 0 
Boundary condition 5a y = d, 0 £ x £ s, ^^(x,d) = (j)2(x»d) 
S* 2 
Boundary condition 5b y = d, 0<^x£s, k^ gp 
9*2 
Boundary condition 6 x = 0, d £ y £ h, k^ = 0 
9*2 
Boundary condition 7 x = s, d<^y£h, k^ = 0 
Boundary condition 8 y = h, 0<^x£s, = G 
The hydraulic head functions, equations [87] and [88], satisfy the 
boundary conditions 3, 4 and 6, 7 and 8, respectively, regardless of the 
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values of constants Â-> C., A , B and C . For complete evaluation of 
u u u in m m 
the constants of and they have to be checked In the remaining 
boundary conditions. 
4. Method of solution 
a. Checking boundary conditions jL and 2 For use in satisfying 
boundary conditions 1 and 2, the partial derivative of i))^ with respect to y 
may, from equation [87], be given by the expression 
g.. ^  
1 1 Sinn cosh — h 
s s 
[89] 
where at boundary condition 1 and 2, y « 0, Therefore, the equation [89] 
after substitution of zero for y, becomes a function of the variable x. 
That is equation [89] becomes after multiplying both sides by k^ and 
replacing y • 0, the result 
f (x) - B. F - (R + F) Z rarr (A + B ) cos — x [90] 
U mm s 
where f (x) is not dimenslonless but has the dimension of R and F. 
Now, the boundary conditions 1 and 2 can lead to a single function when 
the auxiliary function f(x)'is written as ' 
• "=1 3y .i' 
3^ iMf 0 1 * 5. 5 [91a] 
-R, 6 < X < s [91b] 
To simplify equation [90], we introduce two new auxiliary constants as 
*0 " f [92' 
104 
and 
a - - mTT (R + F)(A + B ) [93] 
m m m 
By replacing equations [92] and [93] in equation [90], the new relation 
becomes 
f (x) • a_ + Z a cos — x [94] 
u m s 
Equation [94] is half range Fourier cosine series, where a_ and a are 
U m 
simply Fourier coefficients. 
We can now solve the equation [94], for a„ and a by using the follow-
U m 
Ing identifies, Kreyszig (1972) 
1 ® 
a~ - — / f(x)dx [95a] 
" ® 0 
a^ = -J / f (x) cos dx [95b] 
Thus 
,6 s 
a_ = — [ / q dx + / -R dx] [96] 
" ® 0 6 6-^ 0 
and 
_ 6 s 
a = — [ / q cos — x dx + / -R cos dx] [97] 
° ® 0 ® 6 G g+o 
In equations [96] and [97] when we let Ô approach zero it means that 
we are letting the pressure relief sink approach a point sink. Equlpoten-
tlals that are semicircles must exist around the line sink, one of which will 
be identified herein with a drain tube. 
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The integrations and simplifications of equations [96] and [97] lead 
to 
Sq = F [98] 
= 2(F + R) [99] 
By equating the right sides of equations [92], [98] and [93] and [99] and 
eliminating the common factor from each side, the final results will be 
Bg = 1 [100] 
and 
A. + tiMJ 
b. Checking boundary conditions 5a and 5b At boundary condition 
5a 
*l(x,y) = *2 (x,y), y = d [102] 
and from the equations [87] and [88] and the substitution of d for y the 
relationship of [102] becomes 
AQ: + *0 d + : I]* ^  7  ^^ \  ^J!! f 
1 1 sinh cosh 
s s 
„ „.p sinh — (h-d) 
= G + =0 k: + : k-% Z % cos = [103] 
1 1 cosh — h 
s 
Each side of equation [103] has two parts: first the sum of some constants 
independent of x; second the sum of a cosine term, multiplied by some 
constants or 
J + J ^ cos = J„ + J cos — X [104] 1 ml s 2 mZ s 
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where 
•'i = V »o f: ^ 
1 
J2 = G + CQI- (d-y) [106] 
F+R 1 T' (h-d) 
J.1 = : : k:- [A. —^  \ —rtr—] 
1 slnh cosh — h 
s s 
„ „ sinh ^  (h-d) 
= ATT, [^0=] 
1 cosh — h 
S 
One way to get the relationship of [104] is when 
= Jg [109] 
•>.1 = m^2 
For evaluation of equation [110], equations [105] to [108] may be used as 
AQ: + *0 d - G + Co (d - h) [111] 
and 
. sinh — (h-d) sinh ~ (h-d) 
A ^^-—+8 ^ [112] 
^ sinh — d ™ cosh — d cosh — h 
s s s 
The only remaining boundary condition is 5b which yields a new relation 
for constants. At boundary condition 5b, the partial derivative and 
$2 with respect to y given by equation [89], 0(= k^#), and the expression, 
..... 
• ^ 1  1  c o s h  —  n  
s 
107, 
are equal or 
cosh — (h-d) 
B„F - (F+R) s S — B ® 
° = " cosh SÏ h 
S 
0 k- s m . miT , 
1 cosh — h 
One may extract from equation [114] the following relations 
k 
BF = CqF ^  [115] 
Co = 'o 
and 
\ = I I"" 
At the present time, three equations [101], [112] and [117] may be 
used to get A , B and C . The mentioned equations are listed again 
mm m 
respectively as 
A + B = - — [118a] 
m m  m i T  
A sinh ^  (h-d) sinh — (h-d) 
<J ^ =C ^ [118b] 
sinh d ™ cosh — h ™ sinh — h 
2 s s 
K 
B = C [118c] 
m k^ m 
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From the solution to these equations, in terms of an auxiliary nota­
tion g , the constants A , B and C becomes as 
m mm m 
A. = - (1 + 
m 
\ = 1120] 
m 
2 S 1 
C = — 1 [121] 
m mir k g - 1 i. m 
where g 
m 
k sinh — (h-d) sinh 
- ir) — '1221 
2 cosh 
The constant is given by equation [100] and may be obtained from 
equation [116] as 
% = % 
We are now ready to take the radius of the drain tube r^ into account. 
This is done by obtaining the only remaining constant A^ in equation [87] 
in terns of the radius. Because semicircular equipotentials exist around 
the point source, we may put, for small values of x, = 0 at x = r and 
y = 0. That is, we may write equation [87] as 
— (r,0) = A_ + E[A coth + B tanh Hill] cos = 0 [124] 
s  O k j ^  m  s  m  s  s  
which gives for AQ the result 
^ The subscript of w, as in previous problem r^, is omitted. 
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E [A coth miT 
s 
[125] 
or simply 
[125a] 
where E is a new auxiliary equation and is given as 
E = - Z [A coth + B tanh ^ ^^] cos — r 
m s m s s 
[126] 
and is found in Appendix C of this thesis. 
c. Calculation of upward flow F It is always important to know 
how much the average upward flow flux F or total flow 2sF due to artesian 
pressure, contributes to the total discharge of the tile drain. 
In the foundation problem, Figure 31b, the discharge to the tile 
drain is exactly equal to 2sF and the recharge from the soil surface is 
zero. 
In general, from equation [111] the upward flux F may be determined 
for all unknown parameters and constants. By rearranging this equation 
for F, and substitution equations [100], [123] and [125] for B^, and A^ 
respectively, the upward flux F becomes 
The upward flux F may be given for different conditions as follows: 
- Foundation problem, when R = 0 
k^ G - sRE 
[127] 
7^ (h-d) + d + sF 
^2 
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Y 
I [128] 
TT (h-d) + d + sE 
*^ 2 
^1 One layer soil or — = 1 
•=2 
F « (General case)' [129] 
^ (Foundation case) [130] 
d. Discharge to the tile drain The flus from one side of the tile 
is equal to 
Q/2 = (F+R)/s [131] 
where F is given by equation [127], and may be written in another way 
k G + R [k./k (h-d) + d] 
" - ^  k/k, (h-d) + d + SE 
e. Maximum height of water table in drainage of agricultural land 
The main purpose for constructing an artificial drainage system in agri­
cultural lands is to remove the excess water resulting from rainfall or 
irrigation and, in our case, upward flow due to artesian pressure. Generally 
speaking, a drainage system is working properly when the root zone is kept 
unsaturated, where the root zone is actually measured from the highest 
point of the water to the soil surface between two adjacent tile drains. 
The agronomists want especially to know the maximum height of the 
water table H halfway between two tile drains when the drainage system 
is working efficiently. 
Ill 
The maximum height of the water table is given by equating <j)j^ = H, 
X = s and y = 0 in equation [87]. We find 
H = (8,0) = A^s + s Z cos mir (A coth + B tanh [133] 
X u d s m s 
In equation [131], the right side of equation [125] may substitute for 
AQ, and H may then be represented by 
H = s Z (cos mTT - cos ) (A coth + b tanh 22!Î1) [134] 
. S m s ni s 
or 
H = s e [134a] 
*1 
where e is an auxiliary equation which is equal to the value of the 
function to the right of the sigma sign of equation [134] and is found in 
Appendix C. 
5. Stream function 
The stream function, ijj(x,y), in the first and second layer of Figure 
32, can be derived from potential functions 0^ and by using the 
Cauchy-Riemann relations given by the identifies 
or 3* _ [135] 
Bx 3? 97 " " 3r 
The results for and after substitution of the partial deriva­
tive of and $2 with respect to x and integrations with respect to y, 
becomes 
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= - Fx + 8(F+R) 
sinh — (d-y) cosh — (d-y) 
8 S 
kg mirx cosh ^  (h-y) 
*2 " - ^  = k: — + <=2 [137] 
1 cosh 
If we take the reference streamline if» = 0 to be given by = 0 
at X = 0 then we take c^ and c^ in equations [136] and [137] equal to 
zero. However, in our later work we will not take c^ and c^ equal to 
zero. 
B. Results and Discussion 
The main objective of the solution of this problem was to find a 
suitable method to determine the upward flux F, total discharge to the 
tile drain Q and the maximum height of water table to the top surface of 
the soil H. The goal was extended to the foundation case where the 
relief of pressure, underneath the Impervious layer (impervious sheet) of 
construction, due to an artesian aquifer was very important. 
In the theoretical solution of the present problem we have given 
numerous equations which have provided means to compute the flow net, 
upward flux F, the maximum height of water table H and the total discharge 
Q for different given conditions. 
As classical examples, we may give the flow net and values of F, H 
and Q for dimensionless values of k^/kg = 1, Àdd 5 and fixed values r/s 
= 1/60, h/s = 2/3, d/h = 2/5, G/s = 1/15 and R/k^ = 0.02. 
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Figure 33 and 34 give the flow nets for k^/k^ = 1 and 5 respectively, 
where the streamlines and potential lines are normalized. A particular 
line is also drawn to Indicate the streamline which passes very close to 
the stagnation point; where there will be neither movement in the x or y 
direction. In these examples. In order to find the stagnation point, 
the values of ip along the boundaries 3, 7 and 8 of Figure 33 have been 
computed and a point with the condition ^  = Fs was found. For this 
purpose the graph of ^(x,y) vs y. Figure 35, at a distance very close to 
the boundaries 3 and 7 of Figure 33 Is drawn. Now for the value of ip at 
the stagnation point, given as ^  = Fs = 44.06, we seek a y value which 
gives the same value of \p as does the stagnation point and from Figure 35 
it becomes y = 6.1. 
For calculation of F and H as in equations [127] and [134a], the 
values of E and e may be found by equations [7c] and [13c] in Appendix C 
as 
E = T - W [7c] 
e = t + w [13c] 
where the values of T and t are given by Figures 36 and 37, for g = •|q-, 
respectively and also the values of W and w are given in Tables 13 and 
k^ r h d 
14, for the given values of ^  = 1 and 5 and fixed values of —, —, 
By using equations [127] and [134a] and the results of equations [7c] and 
F H [13c], the upward flux F and H become ^  = 0.0116 and 0.0293 and — = 
k *^ 2 " 
0.108 and 0.103 for — = 1 and 5 respectively. 
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The Tables 13 and 14 and the Figures 36 and 37 are very helpful in 
calculation of F, H and consequently the total discharge for field 
practice. 
As it is seen in Tables 13 and 14, in many cases the values of W and 
k. ^ 
w are very small or practically equal to zero, i.e., when -ç- ^  6 or — ^  6 
^ 1 1  2  
and when — = — = 0. 
kg 00 
One interesting point about the solution of the present problem is 
its flexibility over a wide range of parameter values, i.e., if k„ = 0 
or -ç- = 00, the equation for hydraulic head becomes 
S 
which is exactly the same solution as found in Kirkham and Powers (1972), 
equation [103]. In this case, as it is expected, the upward flux F in 
equation [127] becomes zero and the only recharge will be from the top 
surface soil due to irrigation or steady rainfall. 
The solution of this problem may also reduce to the problem of one-
layer soil above an artesian aquifer which has been solved by Hinesly and 
Kirkham (1966). In this case, one can expect to get the same results as 
Hinesly did when we let k^^ = kg in the current problem. An attempt has 
been made to show the numerical result for the same example solved by 
Hinesly and Kirkham (1966), where h = 10 ft, r = 0.25 ft, and k = 1 ft/sec 
are the known parameters in these examples. This information is applied in 
equation [132] and it is found that H = 1.030 ft which is the same value 
that Hinesly and Kirkham have given in their example. 
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In this problem one may also assume that the upward flux F equals 
zero which is the case that was solved by Toksoz and Kirkh^ (1971) for 
drainage in a layered soil. 
When we take the recharge R equal to zero or no water is entering the 
soil from the top surface, the resulting flow is that for a foundation 
problem and the tile drains are used to relieve pressure underneath an 
impervious sheet just above the tile drains. In this situation, the 
change in normalized hydraulic head (j>/H at any distance apart of the tile 
drain may be easily found. For instance. Figure 38 gives a curve of 
hydraulic head vs normalized distance from the tile drain underneath a 
foundation, where R = 0, k^/kg = 1/2, F/kg = 0.0148, r/s = 1/60, h/s = 
2/3, d/h = 2/5 and G/s = 1/15. Changes in (p/H with distance from the drain 
center may be read from the curve. 
In some practical examples, we need to find the correct values of W 
and w by means of interpolation; for the known parameters — = 0.01, — = 
k s s 
1 d G R 
0.4, — = 0.5, ^  = 0.5, — = 0.04 and ^  = 0.01 the values of W and w may 
be found as follows: 
From Tables 13 and 14, for ^  = 0.5, — = 0.01, the values for — = 0.2, 
^2 s n 
0.4, 0.6, 0.8 are extracted and Figures 39 and 40 are drawn to find out a 
better approximation of W and w, for ^  = 0.5, respectively. We find, 
from Figure 38 and 39, W = 0.13 and w = 0.25. The values of T and t may be 
found from Figure 36 and 37, respectively; T = 2.2 and t = 2.62 for j = 
0.01. By having the values of T, W, t and w, the values of E and e may be 
calculated from equations [7c] and [13c] as 
116 
E - 2.2 - 0.13 = 2.07 
e = 2.62 - 0.25 = 2.37 
and finally the upward flux F from equation [127] and the maximum height of 
water table H from equation [134a] become 
F = 0.00813 m/day 
(in metric system) 
H = 1.075 m 
Figure 33. Flow net of a seepage flow through a double layer soil above an artesian aquifer for 
k 
conditions -i- = 1, ^  = 0.02, = 0.0116, - = k, ë = 0.108, § = 0.1 and f = t. 
k„ k, k_ s 60 h h h 5 
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Figure 34. Flow net of a seepage flow through a double layer soil above an artesian aquifer for 
conditions ^  = 5, | = |q,  = j, | = 1.5, H/h = 0.103, G/h = 0.1, F/kg = 0.0293 
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Figure 35. The graph of ip's values vs y on the near boundaries 3 and 7 
(| = 0.993). 
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Figure 36. The graph of ^  vs T (of equation [12c]), 
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Figure 37. The graph of — vs t (of equation [14c]). 
Table 13. The values of W for given values of d/h, r/s and h/s (equation [10c]). 
k^/kg = 0 (k^ = 0°) 
dTh 
h/s 0. 001 0.200 0.400 0.600 0.800 0.999 0.001 0.200 0.400 0.600 0.800 0.999 
r/s = 0. ,001 r/s = 0. .005 
0.1 3. 267 1.627 1.206 0.968 0.805 0.684 2.932 1.620 1.205 0.968 0.804 0.684 
0.5 3. 188 0.683 0.342 0.183 0.100 0.054 2.882 0.683 0.342 0.184 0.100 0.054 
1.0 3. 092 0.342 0.106 0.029 0.008 0.002 2.819 0.341 0.100 0.029 0.008 0.002 
2.0 2. 909 0.100 0.008 0.000 0.000 0.000 2.698 0.100 0.008 0.000 0.000 0.000 
4.0 2. 601 0.008 0.000 0.000 0.000 0.000 2.480 0.008 0.000 0.000 0.000 0.000 
6.0 2. 371 0.000 0.000 0.000 0.000 0.000 2.300 0.000 0.000 0.000 0.000 0.000 
00 0. 000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
r/s = 0. 01 r/s = 0 .05 
0.1 2. 247 1.597 1.199 0.965 0.803 0.683 1.178 1.174 1.039 0.886 0.758 0.652 
0.5 2. 247 0.682 0.342 0.184 0.100 0.054 1.179 0.652 0.335 0.181 0.098 0.053 
1,0 2. 247 0.392 0.100 0.029 0.008 0.002 1.180 0.335 0.098 0.028 0.008 0.002 
2.0 2. 241 0.100 0.008 0.006 0 .000 0.000 1.181 0.098 0.008 0.000 0.000 0.000 
4.0 2. 196 0.008 0.000 0 .000 0 .000 0.000 1.183 0.008 0.000 0.000 0.000 0.000 
6.0 2. 120 0.000 0.000 0.000 0 .000 0.000 1.185 0.000 0.000 0.000 0.000 0.000 
CO 0. ,000 0.000 0.000 0 .000 0 .000 0 .000 0.000 0.000 0.000 0.000 0.000 0.000 
Table 13 (continued) 
k^/kg = 0.10 
d/h 
h/s 0.001 0.20 0.40 0.60 0.80 0.999 0.001 0.20 0.40 0.60 0.80 0.999 
r 7s = 0. 001 r/s = 0, .005 
0.1 3.006 1.511 1.142 0.934 0.792 0.684 2.706 1.504 1.140 0.934 0.791 0.683 
0.5 2.867 0.599 0.301 0.166 0.094 0.054 2.594 0.599 0.300 0.166 0.094 0.054 
1.0 2.769 0.290 0.083 0.025 0.007 0.002 2.528 0.290 0.083 0.025 0.007 0.002 
2.0 2.594 0.083 0.006 0.000 0.000 0.000 2.411 0.083 0.006 0.000 0.000 0.000 
4.0 2.310 0.006 0.000 0.000 0.000 0.000 2.207 0-006 0.000 0.000 0.000 0.000 
6.0 2.101 0.000 0.000 0.000 0.000 0.000 2.204 0.000 0.000 0.000 0.000 0.000 
CO 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
r/s = 0 .01 r/s = 0 .05 
0.1 2.089 1.484 1.135 0.931 0.790 0.682 1.125 1.120 0.995 0.860 0.746 0.653 
0.5 2.027 0.597 0.300 0.166 0.094 0.054 1.066 0.572 0.295 0.163 0.093 0.053 
1.0 2.021 0.290 0.083 0.025 0.007 0.002 1.063 0.284 0.082 0.024 0.007 0.002 
2.0 2.012 0.083 0.007 0.000 0.000 0.000 1.064 0.081 0.006 0.000 0.000 0.000 
4.0 1.964 0.006 0.000 0.000 0.000 0.000 1.065 0.006 0.000 0.000 0.000 0.000 
6.0 1.889 0.000 0.000 0.000 0.000 0.000 1.066 0.000 0.000 0.000 0.000 0.000 
00 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
Table 13 (continued) 
V^2 = 0-2 
d/h 
h/s 0.001 0.200 0.400 0.600 0.800 0.999 0.001 0.200 0.40 0.60 0.80 0.999 
r/s = 0. 001 i-t CO II
 
o
 
,005 
0.1 2.747 1.400 1.080 0.902 0.779 0.684 2.480 1.395 1.079 0.901 0.778 0.683 
0.5 2.547 0.520 0.264 0.149 0.089 0.054 2.306 0.520 0.269 0.149 0.089 0.054 
1.0 2.448 0.249 0.069 0.020 0.007 0.002 2.238 0.245 0.069 0.021 0.006 0.002 
2.0 2.286 0.068 0.006 0.000 0.000 0.000 2.128 0.068 0.006 0.000 0.000 0.000 
4.0 2.028 0.006 0.000 0.000 0.000 0.000 1.940 0.000 0.000 0.000 0.000 0.000 
6.0 1.840 0.000 0.000 0.000 0.000 0.000 1.790 0.000 0.000 0.000 0.000 0.000 
00 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
o
 
II CO 
.01 r/s = 0 .05 
0.1 1.934 1.378 1.074 0.899 0.777 0.682 1.073 1.065 0.952 0.834 0.735 0.652 
0.5 1.808 0.519 0.264 0.149 0.089 0.654 0.954 0.498 0.258 0.147 0.087 0.053 
1.0 1.796 0.245 0.069 0.021 0.007 0.002 0.945 0.240 0.068 0.020 0.007 0.002 
2.0 1.785 0.068 0.006 0.000 0.000 0.000 0.946 0.067 0.005 0.000 0.000 0.000 
4.0 1.734 0.005 0.000 0.000 0.000 0.000 0.947 0.005 0.000 0.000 0.000 0.000 
6.0 1.661 0.000 0.000 0.000 0.000 0.000 0.947 0.000 0.000 0.000 0.000 0.000 
00 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
Table 13 (continued) 
k^/kg =0.5 
h/d 
h/s 0.001 0.20 0.40 0.60 0.80 0.999 0.001 0.2 0.4 0.6 0.8 0.999 
o
 
II CO 001 r/s = 0. ,005 
0.1 1.970 1.103 0.915 0.813 0.741 0.684 1.804 1.100 0.914 0.812 0.741 0.683 
0.5 1.600 0.317 0.170 0.107 0.074 0.054 1.453 0.317 0.170 0.107 0.074 0.054 
1.0 1.509 0.133 0.037 0.011 0.005 0.002 1.384 0.133 0.037 0.012 0.005 0.023 
2.0 1.395 0.035 0.003 0.000 0.000 0.000 1.305 0.035 0.003 0.000 0.000 0.000 
4.0 1.225 0.003 0.000 0.000 0.000 0.000 1.177 0.003 0.000 0.000 0.000 0.000 
6.0 1.107 0.000 0.000 0.000 0.000 0.000 1.079 0.000 0.000 0.000 0.000 0.000 
00 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
r/s = 0 .01 r/s = 0 .05 
0.1 1.464 1.090 0.912 0.811 0.739 0.682 0.916 0.906 0.832 0.761 0.703 0.652 
0.5 1.150 0.317 0.167 0.107 0.074 0.054 0.617 0.305 0.167 0.105 0.073 0.053 
1.0 1.121 0.133 0.037 0.012 0.005 0.002 0.592 0.130 0.036 0.012 0.004 0.002 
2.0 1.107 0.035 0.003 0.000 0.000 0.000 0.591 0.034 0.003 0.000 0.000 0.000 
4.0 1.062 0.003 0.000 0.000 0.000 0.000 0.591 0.003 0.000 0.000 0.000 0.000 
6.0 1.069 0.000 0.000 0.000 0.000 0.000 0.590 0.000 0.000 0.000 0.000 0.000 
00 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
Table 13 (continued) 
k /k = 1 
h/s 0.001-0.005 0.01-0.05 0.10 
r/s 
0.1 0.683 0.652 0.571 
0.50 0.053 0.053 0.051 
1.0 0.002 0.002 0.002 
2.0 0.000 0.000 0.000 
" 0.000 0.000 0.000 
k^/kg = 2.0 
h/d 
h/s 0.001 0.20 0.40 0.60 0.80 0.999 0.001 0.20 0.40 0.60 0.80 0.999 
r/s = 0.001, 0.005, 0.01 r/s = 0.05 
0.1 0.216 0.273 0.389 0.480 0.581 0.684 0.214 0.273 0.281 0.470 0.562 0.652 
0.5 -0.528 -0.209 -0.073 -0.010 0.024 0.054 -0.522 -0.201 -0.072 -0.010 0.024 0.053 
1.0 -0.626 -0.131 -0.033 -0.008 0.000 0.002 -0.618 -0.129 -0.033 -0.008 0.000 0.002 
2.0 -0.625 -0.035 -0.002 0.000 0.000 0.000 -0.617 -0.035 -0.003 0.000 0.000 0.000 
4.0 -0.613 -0.002 0.000 0.000 0.000 0.000 -0.606 -0.002 0.000 0.000 0.000 0.000 
6.0 -0.601 0.000 0.000 0.000 0.000 0.000 - .594 0.000 0.000 0.000 0.000 0.000 
«> 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
Table 13 (continued) 
kj/kj - 4 
d/h 
h/s 0.001 0.20 0.40 0.60 0.80 0.999 0.001 0.2 0.4 0.6 0.8 0.999 
r/s = 0.001, 0.005, 0.01 r/s = 0.05 
0.1 -0.135 -0.185 0.052 0.213 0.419 0.681 -0.133 -0.176 +0.054 0.213 0.411 0.651 
0.5 -1.685 -0.523 -0.208 -0.078 -0.010 0.053 -1.665 -0.516 -0.205 -0.077 -0.010 0.053 
1.0 -1.871 -0.260 -0.063 -0.016 -0.003 0.002 -1.848 -0.256 -0.062-0.016 -0.003 0.002 
2.0 -1.851 -0.065 -0.005 0.000 0.000 0.000 -1.828 -0.064 -0.004 0.000 0.000 0.000 
4.0 -1.796 -0.005 0.000 0.000 0.000 0.000 -1.773 -0.005 0.000 0.000 0.000 0.000 
6.0 -1.742 0.000 0.000 0.000 0.000 0.000 -1.721 0.005 0.000 0.000 0.000 0.000 
0° 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
d/h 
r/s = 0.001, 0.005, 0.01 r/s = 0.05 
0.1 -0.518 -0.260 -0.058 0.050 0.300 0.681 -0.512 -0.257 -0.057 0.050 0.296 0.650 
0.5 -2.836 -0.711 -0.279 -0.114 -0.030 00053 -2.801 -0.703 -0.275 -0.112 -0.030 0.052 
1.0 -3.100 -0.323 -0.007 -0.020 -0.004 0.002 -3.062 -0.319 -0.076 -0.020 -0.004 0.002 
2.0 -3.048 -0.078 -0.006 0.000 0.000 0.000 -3.010 -0.077 -0.005 0.000 0.000 0.000 
4.0 -2.923 -0.005 0.000 0.000 0.000 0.000 -2.887 -0.005 0.000 0.000 0.000 0.000 
6.0 -2.806 0.000 0.000 0.000 0.000 0.000 -2.771 0.000 0,000 0.000 0.000 0.000 
00 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
For k^/kg >6 W = 0.000 
Table 14. The values of w for corresponding values of d/h, r/s and h/s (equation [15c]). 
k^/kg = 0 (kg = <») 
d/h 
h/s 0.001 0.2 0.4 0.6 0.8 0.999 0.001 0.2 0.4 0.6 0.8 0.999 
r/s = 0. ,001 r/s = 0, .005 
0.1 3.704 2.049 1.608 1.350 1.167 1.025 3.370 2.041 1.606 1.349 1.166 1.025 
0.5 3.626 1.025 0.584 0.339 0.191 0.106 3.320 1.024 0.584 0.339 0.191 0.106 
1.0 3.530 0.584 0.191 0.057 0.017 0.005 3.257 0.584 0.191 0.057 0.017 0.005 
2.0 3.346 0.191 0.017 0.001 0.000 0.000 3.136 0.191 0.017 0.001 0.000 0.000 
4.0 3.039 0.017 0.001 0.000 0.000 0.000 2.917 0.017 0.000 0.000 0.000 0.000 
6.0 2.806 0.001 0.000 0.000 0.000 0.000 2.734 0.001 0.000 0.000 0.000 0.000 
00 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
o
 
II CO u .01 
o
 
II CO M .05 
0.1 2.684 2.018 1.600 1.346 1.165 1.024 1.616 1.595 1.440 1.268 1.119 0.994 
0.5 2.685 1.023 0.584 0.339 0.191 0.106 1.617 0.994 0.576 0.336 0.190 0.105 
1.0 2.685 0.584 0.191 0.057 0.017 0.605 1.618 0.577 0.190 0.057 0.016 0.004 
2.0 2.679 0.191 0.017 0.001 0.000 0.000 1.620 0.190 0.016 0.001 0.000 0.000 
4.0 2.633 0.017 0.000 0.000 0.000 0.000 1,620 0,016 0.000 0.000 0.000 0.000 
6.0 2.555 0.000 0.000 0.000 0.000 0.000 1.620 0.001 0.000 0.000 0.000 0.000 
CO 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
Table 14 (continued) 
k^/k = 0.1 
d/h 
h/s 0.001 0.2 0.4 0.6 0.8 0.999 0.001 0.2 0.4 0.6 0.8 0.999 
r/s = 0.001 r/s = 0. 005 
0.1 3.433 1.924 1.537 1.312 1.151 1.025 3.133 1.917 1.535 1.311 1.151 1.025 
0.5 3.266 0.906 0.519 0.307 0.181 0.106 2.993 0.906 0.518 0.307 0.181 0.106 
1,0 3.162 0.499 0.160 0.049 0.015 0.005 2.922 0.498 0.160 0.049 0.015 0.005 
2.0 2.989 0.159 0.014 0.001 0.000 0.000 2.805 0.159 0.014 0.001 0.000 0.000 
4.0 2.704 0.014 0.000 0.000 0.000 0.000 2.600 0.014 0.000 0.000 0.000 0.000 
6.0 2.498 0.001 0.000 0.000 0.000 0.000 2.432 0.001 0.000 " 0.000 0.000 0.000 
00 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
r/s = 0.01 
o
 
II CO 
.05 
0.1 2.517 1.896 1.530 1.309 1.149 1.025 1.553 1.533 1.390 1.237 1.105 0.994 
0.5 2.427 0.905 0.518 0.307 0.181 0.106 1.466 0.880 0.512 0.304 0.179 0.105 
1.0 2.416 0.498 0.160 0.049 0.015 0.005 1.457 0.492 0.159 0.048 0.015 0.004 
2.0 2.406 0.159 0.014 0.001 0.000 0.000 1.457 0.157 0.014 0.000 0.000 0.000 
4.0 2.356 0.014 0.000 0.000 0.000 0.000 1.458 0.014 0.000 0.000 0.000 0.000 
6.0 2.279 0.001 0.000 0.000 0.000 0.000 1.457 0.000 0.000 0.000 0.000 0.000 
00 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
Table 14 (continued) 
k / k  = 0 . 2  
d/h 
h/s 0.001 0.2 0.4 0.6 0.8 0.999 0.001 0.2 0.4 0.6 0.8 0.999 
r/s = 0 1.001 r/s = C 1.005 
0.1 3.165 1.806 1.470 1.275 1.136 1.025 2.898 1.800 1.468 1.274 1.136 1.025 
0.5 2,908 0.795 0.458 0.278 0.171 0.106 2.667 0.795 0.458 0.278 0.171 0.106 
1.0 2.800 0.421 0.133 0.041 0.013 0.004 2.589 0.421 0.133 0.041 0.013 0.009 
2.0 2.636 0.130 0.011 0.000 0.000 0.000 2.478 0.131 0.011 0.000 0.000 0.000 
4.0 2.377 0.011 0.000 0.000 0.000 0.000 2.290 0.011 0.000 0.000 0.000 0.000 
6.0 2.188 0.000 0.000 0.000 0.000 0.000 2.138 0.000 0.000 0.000 0.000 0.000 
r/s = 0. 01 r/s = 0. ,05 
0.1 2.352 1.784 1.464 1.272 1.134 1.029 1.491 1.471 1.341 1.207 1.092 0.994 
0.5 2.169 0.794 0.458 0.278 0.171 0.106 1.315 0.773 0.453 0.275 0.169 0.105 
1.0 2.147 0.421 0.133 0.041 0.013 0.004 1.296 0.416 0.132 0.041 0.013 0.004 
2.0 2.135 0,131 0.011 0.000 0.000 0.000 1.296 0.130 0.011 0.000 0.000 0.000 
4.0 2.083 0.011 0.000 0.000 0.000 0.000 1.296 0.011 0.000 0.000 0.000 0.000 
6.0 2.000 0.000 0.000 0.000 0.000 0.000 1.294 0.000 0.000 0.000 0.000 0.000 
CO 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
Table 14 (continued) 
k^/kg = O.i 
d/h 
h/s 0.001 0.2 0.4 0.6 0.8 0.999 
r/s = 0.001 
0.1 2. 359 1.484 1.287 1.174 1.092 1.025 
0.5 1. 
00 
0.501 0.303 0.202 0.143 0.106 
1.0 1. 729 0.231 0.071 0.023 0.009 0.005 
2.0 1. 613 0.067 0.006 0.000 0.000 0.000 
4.0 1. 442 0.006 0.000 0.000 0.000 0.000 
6.0 1. 323 0.000 0.000 0.000 0.000 0.000 
00 0. 000 0.000 0.000 0.000 0.000 0.000 
r/s = 0.01 
0.1 1.854 1.472 1.283 1.172 1.091 1.025 
0.5 1.395 0.500 0.303 0.202 0.143 0.106 
1.0  1.391 0.231 0.071 0.023 0 .009 0.005 
2.0  1.326 0.067 0.006 0.000 0.000 0.000 
4.0 1.280 0.006 0.000 0.000 0.000 0.000 
6.0  1.225 0.000 0.000 0.000 0 .000 0.000 
=c 0.000 0.000 0.000 0.000 0.000 0.000 
0.001 0.2 0.4 0.6 0.8 0.999 
r/s = 0.005 
2. 194 1. 481 1.286 1.173 1. 092 1. 025 
1. 698 0. 500 0.303 0.202 0. 143 0. 105 
1. 609 0. 231 0.071 0.023 0. 009 0. 005 
1. 523 0. 067 0.006 0.000 0. 000 0. 000 
1. 395 0. 006 0.000 0.000 0. 000 0. 000 
1. 295 0. 000 0.000 0.000 0. 000 0. 000 
0. 000 0. ,000 0.000 0.000 0. 000 0. 000 
r/s = 0 .05 
1. ,305 1. ,287 1.203 1.123 1. ,054 0. ,994 
0. 861 0, .489 0.299 0.200 0. 142 0. ,105 
0, .811 0. 228 0.071 0.023 0, .009 0, .005 
0, .810 0, .067 0.005 0.000 0, .000 0, .000 
0, .809 0 ,006 0.000 0.000 0, .000 0, .000 
0, .806 0 .000 0.000 0.000 0, 000 0, .000 
0, .000 0 .000 0.000 0.000 0, 000 0 .000 
Table 14 (continued) 
r/s 
h/s 0.001 to 0.005 0.01 to 0.05 0.1 
0.10 1.025 1.023 0.912 
0.50 0.106 0.106 0.103 
1.0 0.005 0.005 0.004 
2 . 0  0 . 0 0 0  0 . 0 0 0  0 . 0 0 0  
4.0 0.000 0.000 0.000 
6.0 0.000 0.000 0.000 
00 0.000 0.000 0.000 
d/h 
h/s 0.001 0.2 0.4 0.6 0.8 0.999 0.001 0.2 0.4 0.6 0.8 0.999 
r/s = 0.001 to 0.01 r/s = 0.05 
0.1 0.503 0.511 0.663 0.781 0.903 1.024 0.502 0.511 0.656 0.770 0.883 0.993 
0.5 -1.056 -0.409 -0.147 -0.021 -0.049 0.105 -1.050 -0.406 -0.146 -0.021 -0.049 0.105 
1.0 -1.252 -0.262 -0.066 -0.015 0.000 0.005 -1.254 -0.260 -0.066 -0.015 0.000 0.005 
2.0 -1.249 -0.071 -0.006 0.000 0.000 0.000 -1.252 -0.070 -0.006 0.000 0.000 0.000 
4.0 -1.226 -0.006 0.000 0.000 0.000 0.000 -1.219 -0.006 0.000 0.000 0.000 0.000 
6.0 -1.204 0.000 0.000 0.000 0.000 0.000 -1.196 0.000 0.000 0.000 0.000 0.000 
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
Table 14 (continued) 
h/ s 0.001 0.2 0.4 0.6 0.8 0.999 0.001 0.2 0.4 0.6 0.8 0.999 
r/s = 0 .001 to 0.01 r/s = 0 .05 
0.1 -0.269 0.017 0.260 0.421 0.700 1.022 -0.267 0.027 0.261 0.421 0.641 0.991 
0.5 -3.371 -1.045 -0.416 • -0.156 -0.020 0.105 -3.350 -1.039 -0.413 -0.155 -0.020 0.104 
1.0 -3.741 -0.520 -0.127 -0.032 -0.006 0.005 -3.718 -0.517 -0.126 -0.032 -0.006 0.005 
2.0 -3.702 -0.1300-0.010 0.000 0.000 0.000 -3.680 -0.129 -0.010 0.000 0.000 0.000 
4.0 -3.591 -0.010 0.000 0.000 0.000 0.000 1-3.570 -0.010 0.000 0.000 0.000 0.000 
6.0 -3.485 0.000 0.000 0.000 0.000 0.000 -3.463 0.000 0.000 0.000 0.000 0.000 
00 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
k l 'S '  ^  
d/h 
r/s = 0 .001 to 0.01 0.05 
0.1 -1.037 -0.521 -0.115 0.227 0.537 1.021 -1.03 -1.415 -0.114 0.229 0.532 0.991 
0.5 -5.672 -1.424 -0.557 -0.227 -0.062 0.104 -5.637 -0.642 -0.553 -0.225 -0.061 0.103 
1.0 -6.200 -0.646 -0.154 -0.040 -0.009 0.005 -6.162 -0.155 -0.153 -0.040 -0.008 0.005 
2.0 -6.095 -0.156 -0.012 0.000 0.000 0.000 -6.058 -0.012 -0.012 0.000 0.000 0.000 
4.0 -5.846 -0.012 0.000 0.000 0.000 0.000 -5.809 0.000 0.000 0.000 0.000 0.000 
6.0 -5.612 0.000 0.000 0.000 0.000 0.000 -5.577 0.000 0.000 0.000 0.000 0.000 
00 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
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0.0 
Figure 38. The rate of change of normalized hydraulic head vs normalized 
distance from the tile drain. 
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Figure 39. The graph of W vs d/h for ^  = 0.5, = 0.01, and ^ = 0.5. 
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Figure 40. The graph of w vs h/d for ^  = 0.5, — = 0.01 and — = 0.5. 
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VIII. SUMMARY 
In this work, theoretlc&l solutions are presented to five problems 
concerning seepage through earth structures and a double layer soil. These 
problems are; 
I. Seepage to a drain in a triangular-shape earth structure with 
sheet piling. 
II. Seepage to a drain in a triangular-shape levee. 
III. Seepage to a drain in a trapezoidal-shape natural levee. 
IV. Seepage to a chimney drain in an earth dam. 
V. Seepage to drain tubes in a stratified soil above an artesian 
aquifer. 
In these problems, potential functions are developed, and in order to 
find the coefficients for each problem the boundary conditions are checked 
with the help of a modified Gram-Schmidt or Fourier series technique. 
In the first three problems, the solutions indicate that the seepage 
forces are reduced along the impervious boundaries. The efficiency of the 
tile drains In reducing pressure depends on the location of the drain. 
In problem IV, a chimney drain Is used in the earth dam to relieve 
pressure. It Is shown that the chimney drain has been more effective than 
tile drain in relief of pressure. 
In problem V, the equations of upward flow and maximum height of 
water table (in drainage of agricultural land) or maximum pore pressure 
(in construction of foundatioiB) are given. 
For more summarizing material; the abstract may be consulted. 
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X. APPENDIX A: MODIFIED GRAM-SCHMIDT METHOD 
In boundary value problems, when the flow region Is not rectangular 
and the general solution to Laplace's equation cannot be reduced to a 
Fourier series on a boundary, but the solution remains sums of products 
of trigonometric and hyperbolic function on the boundary, the modified 
Gram-Schmidt method developed by Kirkham and Powers (1972) may be used 
as a tool to the solution of the problem. 
Details of the modified Gram-Schmidt method may be found in 
R. R. Van der Bloeg's(1972) unpublished Ph.D thesis and Kirkham and Powers 
(1972, p. 140-146 and 496-503). 
In this method a function f(x) and a set of functions u (x) are 
m 
introduced, where f(x) represents the condition of the primary equation 
(potential or stream function) on the outer boundary and the set u (x) 
in 
consists of combinations of particular solutions to Laplace's equation in 
a specified coordinate system. The variable x is in terms of cartesian 
coordinates but it may be expressed in terms of any other coordinate 
system, such as 6 in polar coordinates. 
Now the function f(x) can be related to the set u (x) in the form 
m 
N-X» 
f(x) = Z A_ u (x), a < X < 3, m = 0,1,...,N (N-x») [lA] 
m=0 Mn m " " 
where the A^ are constants and when the function of f(x) and the set of 
u^(x) are known. The set of constants A^ can be determined by the 
modified Gram-Schmidt method, seen as follows. 
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Two auxiliary constants B and X are Introduced to get an auxiliary 
m m 
equation as 
N-*» 
f(x) = Z B^X^(x), a £ x £ 3, m = 0,1,...,N (N^) [2A] 
where the are a set of orthonormal polynomials developed from linear 
combinations of the known u (x). 
If a polynomial is orthonormal, then by definition we have the 
relation 
3 10 m f n 
/ ]\g^(x) X^(x)dx m,n = 0,1,... [3A] 
a 1 m = n 
and equation [3A] can be used to develop a function f(x) into a series of 
the form of the equation [2A], where the can be evaluated by multiply­
ing both sides of equation [2A] by X^dx and Integrating to get, in view of 
equation [3A], the results 
6 
B^ = / f (x) X^dx, a<x£3 m=0,l,...,N (N-x» ) [4A] 
The Gram-Schmidt orthononnallzation method may be used to find the 
orthonormal polynomials X in terms of the set of u (x) = u as 
m mm
m-1 
u - Z ( u X ) X  f i i o  
m  m n n  m  =  0 , 1 , 2 , . . .  
„ = 
n 
where (u X ) is defined as inner product and it is given by 
m n 
144 
6 
(u^X^) = / (*)dx, a < X £ 6 m,n = 0,1,2,... [6A] 
a 
1/2 
and is a new constant factor, called a normalizing factor which is 
given by the following expression 
= (Am?.)!/: [7A] 
In equation [5A] X (x) is related to y (x) by 
m m 
at the same time an orthonormal set y^(x) may be obtained from the recur­
sion formulas as 
n=0 n = 0,1 m-1 
The equations [5A] and [9A] are obtained by Courant-Hilbert (1924, p. 34) 
and Kirkham and Powers (1972) by the Gram-Schmidt method. 
The Gram-Schmidt method as presented in mathematic books is not very 
useful method for solving practical problems nor is it easy to follow. 
Kirkham and Powers (1972), however, were able to modify the method. They 
derive recursion formulas so that the Gram-Schmidt process could be made 
more practical and easy to use. 
Kirkham and Powers (1972) proved that equation [5A] and [9A] can be 
respectively written as 
m—1 
u - Z C Y m = 1,2,... 
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and 
m-1 
y = u - Z C Y D 1/2 m 1,2,... [llA] 
® * n=0 ** " n = 0,1,2,...,m-l 
where D is also given by the following expression 
ID 
m-l 2 m = 1,2,... 
D  =  ( u  u  )  -  Z  C D ,  [ 1 2 A ]  
m mm n=0 ** * n = 0,1,... ,m-l 
where C in equation [12A] is a new auxiliary constant and is given by the 
mn 
expression 
- m — 1,2,... 
C = (u Y )D [13A] 
m n n n = 0,1,...,m-l 
It is also proved by Kirkham and Powers (1972) that can be 
written as 
n 
'VlVl' -
° ' |14A] 
m=l,2,...;n=0,l,...;n < m, 
where in this equation J =C ,m=l,2,...;n= m-l and the value of 
mn mn 
C is determined before determination of the value of J . The equation 
mn mn 
ri4A] can be seen as a recursion formula for the C 
mn 
Table lA, reproduced from Van der Ploeg (1972), originally given in 
Powers and Kirkham (1967), demonstrates how to generate the functions Y 
m 
and Y , and the constants D , C and J . Powers and Kirkham (1967) 
m m mn m 
observed it was known that function f (x) could be developed from the y , 
in 
to the Nth approximation f^/x) as 
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, - \o"i + Am"! + + 'Sra"N 
The process of calculation of the constants is given in Table 
2A-1 in Kirkham and Powers (1972). 
The most important requirement for u is that u must be a complete 
mm
set of functions. For completeness test, an expression called Bessel's 
inequality, may be used 
m 2 ^ 2 
2 B < / [f(x) dx, m = 0,1,... [17A] 
N=0 " a 
when Bjj is related to the quantity of Table 2A-1 in Kirkham and Powers 
(1972), and it is given by the expression 
and now the replacement of equation [18] in [17] yields 
m 2 3 2 
^ WN - ^ dx [19A] 
N=0 ^ a 
Although the A^, from Table 2A-1 in Kirkham and Powers (1972) may be 
calculated by desk calculator, but a general computer program, as listed in 
Appendix B, may save time and work, it must not be forgotten that a 
Computer program is also developed by Boast (1969) for calculation of the 
constant A^. 
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Table lA. Sequence of formulas for computing orthonormal functions X (x) 
m 
of equations [16], [17] and [18] of text from another set of 
functions u^(x), by use of auxiliary quantities formed from 
Definitions: 
I. u (x) = a complete (see text) 
n 
set of functions of x; a < x < 3» 
m = 0,1 N; N -»• oo; a and g 
arbitrary constants. 
"• "mn *  ^"mV' 
1,..., N; N -> 00 
Sequential formulas: 
1. Yo 
II c
 
0
 
2. II
 c
 
0
 
0
 
3. 0^ ° Vo 
-1/2 
9b. 
10. Y2 = "2 ~ ^ 20^0 ~ ^ ^1^1 
11. = "22 " *^20 °0 ~ ^ 21 °1 
12. Xg -AaDg 
-1/2 
13a. c^Q - "30^0 
-1 
13b. c^j^ = [Ugi - JiQUggjOi 
13c. Cgg = [Ugg - *^20^30^ 
-1 
-1 
^2l"31°2 
14a. JgQ = c^Q - CgiJio - ^32^20 
-1 
^10 = "10*0 
*^10 ~ ^ 10 
Yl = "1 - =10^0 
14b. - ^ 32^21 
14c. J32 = c^2 
^3 ~ "3 ~ *^30^0 ~ *^31^1 
»i = "11 - "10 
8. = Y,D 1/2 
11 
8a. CgQ - "20^0 
-1 
8b C21 = [*21 - Jl_"20]»l 
9a JgO ^20 ~ ^^1^10 
-1 
" ^^32^2 
16. D3 = U33 -
- =32^»2 
17. 3 3/D3 
etc. 
1/2 
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XI. APPENDH B; FORTRAN COMPUTER PROGRAM 
A Fortran Computer Program has been developed to compute the 
constants A^ of equation [2?] (Selim, 1973). In addition to the set of 
constants A^, some other information such as Bessel's inequality and 
graphs of f^XG) vs 0 may be obtained. This Fortran Computer Program is 
used when the Gram-Schmidt method is employed to get the set of constants 
. In the computer program that follows, a three step-function is 
illustrated, however, it can be easily modified for a two step-function 
problem. 
IMPLICIT REAL*8(A-H,0-Z) 
DIMENSION U(2I),C(20I,D(2I),G(21),RJ1400),A(21Ï 
COMMON /UMWUMN/ UMK65,21)tUM2(33,21 »,UM3(65,211 
COMMON /SFUM/ SI(65),S2!33>,S3(65) 
COMMON /FFFW/ F1(65),F2(33),F3(65) 
COMMON /BLK/ HI,H2,H3,N0IK1,NOIM2,NDIM3,NBISI,NBIS2,NBIS3 
COMMON /UHPAR/ PI,H,EL 
COMMON /DEGRAD/ PIN180 
COMMON /ANGS/ BESRHS,IERTH 
1000 F0RMAT(////50X,3HN =,I3//) 
IEPTH=0 
PI=3.141592653589793 
' PIN180=180.0D0/PI 
CALL STEP 
CALL PARM 
CALL SUBS 
CALL FCT 
CALL FF(BESRHS) 
NMAX=21 
KA=NMAX 
KAMl=NMAX-l 
KADIAG=(KA»KAMl)/2 
DO 30 M=1,NMAX 
NCAPP1=N 
CALL SU0W(W,M) 
CALL UMN(L,M) 
N0=M-1 
WRITE(6,10001 NO 
CALL 0RTKU,W,C,D,G,RJ,A,NCAPP1,KA,KAM1,KADIAG,BESLHS,IER) 
IF( lER.EC.G.AND.IERTH.EQ.O) GO TO 25 
CALL ERROR(1ER,lERTH) 
25 CALL OUTPUT(A,BESLHS,BESRHS,M) 
30 CONTINUE 
STOP 
END 
SUBROUTINE STEP 
IMPLICIT REAL*8(A-H,0-Z) 
COMMON /BLK2/ SL 1,SL2,SL3,SUl,SU2,SU3 
COMMON /RLK/ HI,H2,H3,N0IMI,NDIM2,NOIM3,NBISI,NBIS2tNBIS3 
COMMON /UMPAR/ PI,H,EL 
C=2O.OD0 
IP1=2**6 
IP2=2**5 
IP3=2**6 
SL1=0.00DC 
SU1=C 
SL2=SU1 
SU2=PI/2.00D0 
SL3=SU2 
SU3=PI 
N0IM1=IP1+1 
NDIM2=IP2+1 
NDIM3=IP3+1 
N8IS1=NDIM1-1 
NBIS2=NDIM2-1 
NBIS3=NDIV3-1 
H1=(SU1-SL1)/NBIS1 
H2=(SU2-SL2)/NBIS2 
H3=CSU3-SL3)/NBIS3 
RETURN 
END 
SUBROUTINE PARM 
IMPLICIT REAL*8(A-H,0-Z) 
COMMON /SLK2/ SL1,SL2,SL3,SU1,SU2,SU3 
COMMON /BLK/ HI,H2,H3,NDIMl,NDIM2,NOIM3,NBISI,NBIS2fNBIS3 
1000 FORMAT(IHl) 
2000 FORMAT (///50X,'T I T L EM 
3500 FORMAT(//7X,'FIRST INTERVAL') 
3600 FQRMAT(//7Xt•SECCND INTERVAL') 
3700 F0RMAT(//7X,'THIRD INTERVAL') 
4000 F0RMAT(//10X, 
X'THE FOLLOWING VALUES WERE USED FOR THIS PROBLEM :•) 
5000 FGPMAT(/I5X,29HLCWER BOUND OF THE INTERVAL =,022.15) 
5100 FORMAT!/15X,29HUPPER BOUND OF THE INTERVAL =,D22.15) 
5200 F0RMAT(/15X, 
X45HST5P SIZE USED IN THE NUMERICAL INTEGRATION =,022.15) 
5300 F0RMAT(/15X,38HNUMBER OF BISECTIONS OF THE INTERVAL =,I4) 
WRITE(6,1000) 
WRITE(6,2C00) 
WRITE(6,4000) 
WRITE(6,3500) 
WRITE(6,5000) 
WRITE(6,51001 
WRITE(6,5200) 
WRITE(6,5300) 
WRITE(6,3600) 
WRITE(6,5000) 
WRITE(6,5100) 
WRITE(6,5200) 
WRITE(6,5300) 
WRITE(6,3700) 
WRITE(6,5000) 
WRITF(6,5100) 
WRITE(6,5200) 
WRITE(6,5300) 
WRITE(6,1000) 
RETURN 
END 
C 
C 
c 
SUBROUTINE SUBS 
IMPLICIT PEAL*8(A-H,0-Z) 
COMMON /BLK2/ SL1,SL2,SL3,SUl,SU2,SU3 
COMMON /BLK/ HI,H2,H3,NDIM1,NDIM2,NDIM3,NBISI,NBIS2,NBI S3 
CCMMQN /SFUM/ SI(651,52(33),53(65) 
SLl 
SUl 
HI 
NBISl 
SL2 
SU2 
H2 
NBIS2 
SL3 
SU3 
H3 
NBIS3 
00 1 J=1,N0IM1 
1  s i ( j ) = s L i + ( j - i ;*Hi 
DO 2 J=1,NDIM2 
2 S2(J)=SL2+(J-1)*H2 
DO 3 J=1,NDIM3 
3 S3<J)=SL3+(J-1)*H3 
RETURN 
END 
SUBROUTINE FCT 
IMPLICIT PEAL*8(A-H,0-Z) 
COMMON /BLK/ HI,H2,H3,NDIM1,NDIM2,NDÏM3,NBI SI,NBIS2,NBI S3 
COMMON /FFFW/ F1(65),F2(331,F3(65 I 
COMMON /SFUM/ S1(65),S2(33),S3(65) 
COMMON /UMPAR/ PI,H,EL 
EB=20.0CD0 
DO 1 J=1,ND1ML 
CE=S1(J) 
C1=0SIN(CE) 
C2=4.00CO*DCOS(CE)/3.00DO 
C3=C1+C2 
EY=220.00C0*C1/(3.0000*H*C3) 
EY = E5*CTAN(CI=)/H 
1 F1(J)=5Y 
DO 2 J=1»NDTM2 
2 F2(J)=0.0CD0 
DO 3 J=1,NDIP3 
3 F3(J)=1.0CD0 
RETURN 
END 
C 
C 
c 
SUBROUTINE FF(BESRHS) 
IMPLICIT REAL*8(A-H,0-Z) 
COMMON /ELK/ HI,H2,H3,NDIM1,NDIM2,NDIM3,NBISI,NBIS2,NBIS3 
COMMON /FFFW/ F1(65) ,F2(331,F3(65) 
COMMON /FFWUMN/ Y(65),Z(65) 
COMMON /iJMPAR/ PI,H,EL 
C 
on I J=l,NOIMl 
1 Y(J)=F1(JJ*F1(J) 
CALL DQSF1H1,Y,Z,NDIM1) 
BÊSRHS=Z(NDIMII 
C 
DO 2 J = 1,NDIM2 
2 Y(J)=F2(J)*F2(J) 
CALL OOSF(H2,Y,Z,NDIM2) 
BESRHS=BESRHS+Z(NCIM2) 
C 
DO 3 J=ITNDIM3 
3 Y(J)=F3(J)*F3(J) 
CALL nOSF(H3,Y,Z,NOIM3) 
BESRHS=9ESRHS+Z(NniM3) 
C 
RETURN 
END 
C 
C 
c 
SUBROUTINE SUBW(W,M) 
IMPLICIT REAL*8IA-H,0-Z) 
COMMON /BLK/ H1,H2,H3,NDIM1,NDIM2,NDIM3,NBIS1,NBIS2,NBIS3 
COMMON /UMWUMN/ UMI(6512111UM2(33t21),UM3(65,21) 
COMMON /FFFW/ Fl(65) ,F2(33),F3(65) 
COMMON /FPWUMN/ Y(65),Z(65) 
CALL UMCCT(M) 
DO 1 J=1,NDIN1 
1 Y(J) = UM1( 
CALL CQSF(H1,Y,Z,NDIM1) 
W=Z(NDIM1) 
DO 2 J=1,NDIN2 
2 Y(J)=UM2(J,M)*F2(J) 
CALL DGSF(H2,Y,Z,NDIM2) 
W=k+Z(NCiy2) 
DO 3 J=1,NDIN3 
3 Y(J)=UM3(J,M)*F3(J) 
CALL DQSF(H3,Y,ZFNDIM3) 
W=W+Z(NCTY3) 
RETURN 
END 
SUBROUTINE UMN(U,M) 
IMPLICIT R5AL*8(A-H,0-Z) 
DIMCNSICN U(M) 
COMMON /BLK/ HI,H2,H3,NDI Ml,NDIM2,NOIM3,NBIS1,NBIS2,NBIS3 
COMMON /UMkUMN/ UMl (65 , 2 1 ) , UM2 ( 33, 2 1 ) ,'JM3( 6 5, 2 1 ) 
COMMON /FFWUMN/ Y(65),Z(65) 
COMMON /UMPAR/ PI,H,EL 
DO 6 N=1,M 
D2 1 J=1,NDIM1 
1 Y;J)=UN1(J,M)+UM1(J,N) 
CALL CCSF(HI,Y,Z,N0IM1) 
U(N)=Z(ND!M1) 
V 
DO 2 J=1,NDIN2 
2 Y(J)=UM2(J»M)*UM2( J,N) 
CALL DQSF(H2»Y,Z,ND1M2) 
U(N)=U(N)+Z(NDIM2) 
C 
C 
CO 3 J=1,NDIP3 
3 Y(J)=UV3(J,M)*UM3(J,N) 
CALL DGSF(H3,Y,Z,NDIM3) 
U(N)=iJ(N)+Z(NDIN3) 
C 
6 CONTINUE 
RETURN 
END 
C 
SUPPOUTINE UMFCT(M) 
IMPLICIT REAL*8(A-H,0-Z) 
COMMON /UfWUMN/ UMl ( 65, 21 ) , UM2 ( 33,21 ) , lJM3 ( 6 5, 21 ) 
COMMON /SFUM/ SI(65),52(33),53(65) 
CCMMCN /9LK/ HI,H2,H3,NDIMl,NDIM2,NDIM3,NBI S1,NBIS2,NBI S3 
COMMON /UMPAR/ PI,H,?L 
C 
ES=20.0CDC 
C 
CO 1 J=1,NDIMI 
C 
T = S I( J ) 
IF(M.GT.I) GO TC 2 
UMlU.M)=1.0000 
C 
GO TO 1 
2 =M=W-1 
52=CC1S(T) 
cR=EB/E2 
ER1=(ER/EL)**EM 
AN=DCCS(EM*T) 
UM1(J,M$=ER1*AN 
1 CONTINUE 
C 
C 
DO 10 J=1,NDIK2 
T=S2( J) 
IF(M.GT. I) GO Tr II 
UM2(J,P)=0.00D0 
on TO 10 
11 EM=M-1 
E1=DSIN(T) 
e4=DSIN(T*( 1. OODO-EMU 
ER=H/DSIN(T) 
E51=(=R/EL)**cM 
UM2(J,M)=FRl»n4 
10 CONTINUE 
C 
C 
DO 20 J=1,NDIM3 
T=S3(J) 
IF(M.GT. I> GO TD 21 
UM3(J,M)=1,00D0 
GO TO 20 
21 EM=y-l 
F1 = 0SIN(T ) 
F2=0C0S(T) 
E3=3.000C*E1-F2 
=4=90.00C0/(F3*EL) 
c%=F4**CM 
E5=CG0S(FM*T) 
UM3(J,W)=ER*E5 
20 CONTINUE 
RETURN 
END 
Ul 
—J 
SUBROUTINE ORTH(UtW,CtD »GtJ» A,NCAPPl,KA,KAMI,KADIAG,BESLHS, 
IMPLICIT REAL*8(A-H,0-Z) 
REfL*8 J(KADIAG),JTEMP 
DIMENSION U(KA),C(KAMII,01KA)» G(KA),A(KA) 
IF(NCAPPl-I) 1,2,2 
IEP=1 
RETURN 
IF(NCAPOl-KA) 4,4,3 
ISR=2 
RETURN 
I=(KA-1-KAM1) 5,6,5 
1ER =3 
RETURN 
IF((KA*KAM1)/2-KADIAG) 7,8,7 
IPR=4 
RETURN 
CONTINUE 
IER=0 
NCAP = NCAPPl-1 
NCAPM1 = NCAP-1 
IF(NCAPPl) 10,20,30 
0(1) = U(1) 
G(l) = W 
E = G(l)/r(l) 
A(l) = F 
UANG = U(l) 
^ANG = 0(1) 
BESLHS = E*E*DANG 
CALL ANGLES(BFSLHS,DANG,UANG,W,IcR) 
RETURN 
C( 1) = U(1)/D(1) 
D(2) = U(2)-C(l)kC(l)*D(l) 
G(?) = W-C(1I*G(1) 
= = G(2 )/C(2) 
J( 1) = C( 1 ) 
A( 1 ) = A( 1)-E*J(1) 
A(2) = S 
UANG = U(2) 
GANG = C(2) 
SESLHS = EESLHS + E*E*DANG 
CALL ANGLFSC BESLHS,DANG,UANG,W,IcR) 
RETURN 
30 C(l) = U(l)/D(l) 
NCCRJ = 0 
DO 120 N = 2,NCAP 
CTEMP = U(N) 
NMl = N-1 
DO 110 NN = l,r.Ml 
N=CRJ = NFORJ+1 
110 CTEMP = rTEMP-U(NN)*J(NPCRJ) 
120 C(N) = CTEMP/D(N) 
DTEMP = U(NCAOFl) 
GTFMP = k 
no 140 N = 1,NCAP 
CTEVP = C(N) 
DTFMP = nTEMP-CTEMP+CTEwP*0(N) 
140 GTÊMP = GTÇMP-CTEMP*G(N) 
DtNCAPPl) = DTEVP 
G(NCADPl) = GTEMP 
S = GTcyp/DTEMP 
NSTART = 0 
DO 180 N = IfNCAPMl 
JTEMP = C(N) 
NSTART = NSTART+N 
NFCR.I = NSTART 
NPl - N+1 
DO 17C NN = NPl,NCAo 
JTEMP ^ JTcMP-C(NN)*J(NPORJ) 
170 NFCRJ = NFORJ+NN-1 
J(NFnRj) = JTEMo 
180 A<N) = 
rjPORJ = NFORJ + I 
J(N=GKJ) = C(NCAO) 
A(NCAP) = a(NCAF)-F*J(NFORJ) 
Ln 
A(NCAPPL) = E 
UANG = U(NCAPPL) 
CANG = D(NCAPPL) 
BESLHS = BESLHS + E*E*DANG 
CALL ANGLES!BESLHS,DANG,UANG,W,1ER) 
RETURN 
END 
SUBROUTINE ANGLES!BFSLHS,GANG,UANG,W,1ER) 
IMPLICIT REAL*8(A-H,0-Z) 
CCVMCN /LINPAR/ PI,W,EB 
COMMON /ANGS/ BESRHS,IERTH 
COMMON /DEGRAD/ PIN180 
1000 FORMAT!' BFSSEL"S I  NEQ. :  •, IPD22.15, • < • ,  1PD22 .  
1 ' , D!N),U(N,N),W(N) =•,IP3D17.10) 
2000 FORMAT!' LERTH =',I2,', 1ER =',I2, 
I ' , ANGBES,ANGNEW,ANGTGO =',0P3FI5,10) 
WRITE(6,1 COO) BESLHS,BESRHS,DANG,UANG,W 
LERTH = 0 
IF(BFSLHS.LT.O.DO) GO TO 10 
IF!BESLHS.GT.BESRHS) GO TO 20 
ANGBES = DARC0S(DS0RT(BESLHS/BESRHS))*PIN180 
1=!CANG.GT.UANG) GO TO 30 
I  = (0ANG.LT.0.D0) GO "'"O 40 
ANGNEK = OARCGS(OSQRT(1.OO-DANG/UANG))*PIN180 
IF!UANG. LT.O.DO) GO TO 50 
ANGTGT = [SORT!BESPHS»UANG) 
IP!DABS!W).GT.ANGTGC) GO TO 60 
ANGTGO = CARCOS!W/ANGTGO)*PINIBC 
GO TO 7C 
10 LERTH = LEPTH + 1 
20 LERTH = IFRTH + 1 
30 ISRTH = IFBTH + 1 
40 TCRTH = IFRTH + 1 
50 IFRTW = I9RTU + 1 
60 ILRTH = LERTH + 1 
70 WRITE(6, 2000 ) IF.RTH, I£5 , ANG9FS, ANGNJEW,ANGTGG 
RFTURN 
END 
C 
SUBROUTINE OUTPUT( A t  BFSLHS,BESRHS,M) 
IMPLICIT REAL*8(A-H,0-Z) 
REAL*4 XSIZE,YSIZE,XSF,XMIN,YSFFYMIN 
COMMON /UMWUMN/ UMl(65,21 »,UM2(33,21),UM3(65,21) 
DIMENSION A(21) ,BES(21),BESN(21),XX{65) 
COMMON /CPFW/ FI(65),F2(33),F3{65» 
COMMON /SFUM/ 31(65),S2<33),S3(65) 
COMMON /FFkUMN/ Y(65),Z(65) 
COMMON /UMPAR/ PI,H;EL 
COMMON /BLK/ HI,H2,H3,NDIMl,NDIM2,NDIMB,NBIS1,NBIS2,NBIS3 
500 F0RMAT(/2X,5HA'S ,07016.7/(» •,6X,07016.7)) 
1000 FORMAT(/15X,27HN0RMAL1ZED BESSEL'S IN5Q.=,F8.5,lOX, 
*13HCAPACITANCE=,F8.5) 
2000 F0RMAT(//iix,14HS - COORDINATE,15X,lOHVALUE OF F,15X,I5HAPP. VALUE 
1  O F  F / )  
3C00 F3RMAT(F24.6,F25.6,F27.6) 
4000 F0PMAT(////35X,'N',12HBESSEL'S LHS , lOX,IBHNORM. BESSEL'S LHS/) 
5000 C0RM4T(35X,I2,15X,F10.5,10X,F10.5) 
6000 FORMATdHll 
7000 F3PMAT(3C25.16) 
WRITE(6,500) (A(K),K=1,M) 
EB=20.00D0 
8ES(M) =BESLHS 
BFSN(M)=RSSLHS/BESRHS 
WRITS(6,1000) PFSN(M) 
NC=M-1 
1»= (MCD(NO, 5) .FQ.O.OR.NO.EQ.l) GO TO 1 
GO TO 50 
1 CONTINUE 
XX( 11=0.0000 
XX{2)=DATAN(H/10.00D0) 
XX( 2) =DATAN(H/EB) 
XX(3)=XX<2) 
XX<4)=PI/2.00D0 
XX(5)=XX(4) 
XX(6)=PI 
Z(1)=O.OODO 
Z(2)=1.0000 
Z(3)=0.00D0 
Z(4)=O.OOCO 
Z(5)=1.CCC0 
Z(6)=1.00D0 
XSIZF=4.S1 
YSIZE=2.51 
XMIN=0.0 
YMIN=0.0 
XSP=0.0 
YSF=0.0 
ISYM=0 
M0DE=4 
NPTS=-6 
CALL GRAPH(NPTStXX,Z,ISYV,M00E,XSIZE,YSIZE,XS=,XMIN,YSF,YMIN, 
*' ;•) 
1 = 1  
M3=4 
NPTS1=NBISI/M3+1 
CO 2 J=1,NDIM1,V3 
Z(JI=O.OPO 
DO 3 K=l,N 
3 Z(J)=Z(J)+A(K)*UK1(J,KI 
Z(I)=Z(J) 
Y(n=Fi( J) 
XX(I)=S1(J) 
1=1+1 
2 CONTINUE 
hRITE (6,2000) 
WRITE (6,3000) (XX(J),Y(JI,Z(J),J = 1,NPTSl) 
NPTS=-NPTS1 
ISYM=1 
M0DE=7 
CALL GRAPHS(NPTS,XX,Z,ISYM,M0DE,• ;') 
1 = 1 
M3=8 
NPTS2=NeiS2/M3+l 
DO 4 J=1,NDIV2,M3 
Z(JÎ=O.CDO 
DO 5 K=1,M 
5 Z(JÎ=Z(J)+A(K)*UM2(J,K) 
7. ( I ) = Z t J ) 
Yd ) = F2( J) 
XX(I)=S2(J) 
1  =  1 + 1  
4 CONTINUE 
WRITE(6,2000) 
WRITE (6,3000) (XX(J),Y(J),Z(J),J=1,NPTS2) 
NPTS=-NPTS2 
CALL GRAPHS(NPTS,XX,Z,ISYM,MODE,« ;•) 
1=1 
M3 = 8 
NPTS3=NeiS3/M3+l 
DO 6 J=1,NDIM3,M3 
Z(J)=O.OOG 
DO 7 K=1,M 
7 Z(J)=Z(J)+A(K)*UM3(J,K) 
Z(l ) = Z(J) 
Y(I)=F3(J) 
XXd ) =S3( J) 
1 = 1  +  1  
6 CONTINUE 
WRITE (6,2000) 
WRIT- (6, 3000) (XX(J),Y(J),Z(J) ,J = 1,NPTS3» 
NPTS=-NPTS3 
CALL GRAPHS(NPTS,XX,Z,ISYP,MOOE,' ;•) 
IF(NC.NE.20) GO TO 50 
WRITt(6,6CC0) 
WRITî=(6,4000) 
on 8 K=i,y 
KK=K-1 
WRITE(6,5000)KK,eES(K),BESN(K) 
8 CONTINUE 
WRITE(6,7000) (A(K),K=1,M) 
1 = 1  
00 9 K=6,N 
xx(n = uoco/( 1+4) 
Z(I)=BES(K) 
1=1+1 
9 CONTINUE 
XSIZE=2.01 
YSIZE = 1 .01 
NPTS=-(N-5) 
ISYN=13 
M0DE=3 
XSF=0.0 
YSF=0.0 
XMIN=0.0 
YyiN=0.C 
CALL GRAPH(NPTS»XX,Z,ISYM,MODE,XSIZE,YSIZE,XSF,XMIN,YSF,YMIN, 
;') 
XX(1)=0.000 
ZI 1 ) = BESRhS 
ISYV=3 
M0DÇ=0 
NPTS=-1 
CALL GRAPJ-S(NPTS,XX,Z,ISYM,MODE,« 
50 CONTINUE 
WRIT=(7,7C00) (A(K),K=1,P) 
RETURN 
END 
SUBROUTINE ERROR*1ER,lERTH) 
1000 C0PMAT(///50X,****** WARNING ***»*') 
1100 FORMAT!/10X,'NC '=URTHER COMPUTATICNS ARE CARRIED OUT') 
1200 FORMAT(10X,'3EY0k0 THF LAST VALUE OF N SECAUSS OF ERRORS.') 
1300 FQRMAT(/10X,'THE ERROR PARAMETERS ARE : ') 
2000 F0RMAT(//30XF5HIER =,13,30X»7HIERTH =,I3) 
WRITE!6,1000) 
WRITE(6,1100) 
WRITE(6,1200) 
WRITE(6,1200) 
WRITE(6,2000) IER,IERTH 
STOP 
END 
BLOCK CATA 
IMPLICIT REAL*8(A-H,0-Z) 
COMMON /UMPAR/ PI,H,ÇL 
DATA PI/3.1415926535899/,H/30.OODO/,EL/110.OODO/ 
END 
165-167 
XIII. APPENDIX C: DERIVATION OF FORMULA FOR E AND e 
Equation [126] may be written as 
E = - E (A coth + B tanh ^ ^^)cos [IC] 
- m s m s s 
m=l 
The values of the tanh and coth of the hyperbolic functions of equation 
[IC], each, approach unity as m increases. We may assume, if N is a 
sufficiently large integer, that when m = N or m > N, the functions 
coth and tanh will be practically equal to unity. Therefore, 
equation [IC] may be igven approximately (becoming exact as N increases) by 
the relation 
E = - E (A coth + B tanh 2^)cos 
, m s m s s 
m=l 
00 
- E (A + B )cos — [2C] 
m=n+l ® 
The second part of the right hand side of equation [2C] may be replaced 
by an auxiliary quantity p defined as 
CO 
p = - Z (A + B )cos SiHï- [3C] 
m=N+l m 
where we recall that (A + B ) is given by equation [101], so, substituting 
m m 
of equation [101] in equation [3C] yields 
00 
p = E —cos m = n+l,n+2,..., [AC] 
m=N+l ® 
which is equivalent to 
168 
00 N « 
p " Z — cos 22IE. _ 2 — cos m • 1,2,..., N,..., [5C] 
m-l * m-l ** ® 
Nov the right hand side of equation [5C] may, In view of equation [3C] 
be substituted in equation [2C]. We find 
- Z (A coth + B tanh ^ ^)cos 2![£. 
m-l m s m s s 
m = 1,2,..., N, N + 1,..., 00 [6C] 
or simply, E can be obtained by the algebraic sum of a new auxiliary 
equation given by 
E = T - W [7C] 
where T and W are defined, respectively, by 
m=j. 
W = Z (A coth + B tanh ^ ^)cos 
, m s m s s 
+ z ^cos— [9C1 
m=l • « 
Equation [9C] may also be written as 
N 
W - Z (A coth — + B tanh — + — )cos — [IOC] 
m s m s mrr s 
m® J. 
By using an Identity given by Mangulis (1965) as 
169 
E — cos m0 = - In 2 - ln(sln •!•), 0 £ 9 1. 2ir, [11c] 
m=l " 
equation [8C] yields 
T = - I [In 2 + In (sin [12C] 
One may notice that T is a function only if the ratio r/s and 
Figure 11 gives a graph of T vs. ~ on semilog paper. 
W, in equation [IOC], is a function of the dimensionless parameter 
It 
—, — and — = (ir )« The numerical values of W, equation [IOC], may 
Kg S S S n S 
be found in Table 11 for different values of the cited parameters. 
For derivation of e, equation [134a], the same method of deriva­
tion may follow, therefore, the final results may be given as 
e = t + w fl3C] 
where we have t and w, respectively, as 
t = - I" ln(y j) [14C] 
w = Z (A coth + B tanh (cos m - cos [15C] 
tn S d S s 
m=l 
However, the numerical values of t and w are given by Figure 37 
and Table 14, for different values of the parameters. 

